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Discussions on the Relationship Between Ranks and Numbers of
Non-zero Eigenvalues of Matrices
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Abstract: The rank and the number of non-zero eigenvalues of a matrix are two important
invariants and the relation between these two values is a basic problem in the linear algebra. Some
authors have described the necessary and sufficient conditions for that the rank and the number of
non-zero eigenvalues are equal or have a gap of n-1. On the other side, the index of matrix is
another important invariant, which, roughly speaking,is the maximal size of the zero eigenvalues in
the canonical form of a complex matrix. Based on the existing research results, the relation of the
gap between the rank and the number of non-zero eigenvalues with the index of matrix was
investigated,and the necessary and sufficient conditions for these invariants were obtained, which

is a generalization of some known results.

Keywords: rank of matrix; eigenvalue; canonical form; index of matrix

[ L AR B B AV B 0 AR A P B

1 EBAYER XEFRHALRE X % B A AT . (ELA SRR R A &Pk
EABEORT 1 22450 82 —FHEAMHE. ARE

HFERBAAE R E B (ERIEELGT. T #EO T FHRAR. SR T FH 5

s B 2016 - 07 - 22
BEE£WB: BB T R¥FH I~k 5w B (CFTD170162)
F—1EE: K981 ), I LHF5TAE . BT 5 [ ACE: . E-mail: czhu@usst. edu. cn



1

Kl A R R BRI R RHE A RO R RS 13

Gtz . SCERL2 45 T ZF 228 - 1 IAEH
ZME X PIFPIETE 2 AJe & 2200 BT 5. SCk
[3 = 6138 1 38 10 22 g HAUAE T 1% 221 ) 1717 6
AN S S R 1 o N A o R i R A
P P 22 REAE A P 2 2 B iy e R B 4. 46 I 4 e o
FERRE S P e A DGR R T DL SCRE7 — 9. A%
SCHE B TR AR Bt S 25 T AR R RR VIR R
RN EORRE B a5 =8 22 0 1T i A DL R B
RS AR TR R = SR i A
5 Ul
M, (C) LR ZHIRC W n By J7 B 42
rank(A) Fll 1 (A) 73 B RN HE A 1B HE R FR1E
EHAE & A€ M, (C) M2 S bR iR diag(J:
Jososdivsdisns .'.7Js)' ;H\:‘:Pn]w S j‘qu%?ﬁ
EXS L2 S8, BB TR BT 3R s eee s my
Hil 2 ny==n Jiers s Jo HAERFRAEME XS
N 258, N (A) 2Pk fEd] AX = 0 1 fig =5[] .

2 CHERKBEXES

2.1 ERMEENAEHSERFNBENXER

EE B K AEM, (C)HFEN rank(A), H
THRHEE R LT EECH .0 rank(A) = n — t.
2.2 rank(A)— ¢ (A LETHA

S pA)= D) n,.

j=t+1
51 2% i Ae M, (C), N rank (A) —
pA)=no—t, Hf ng=n,+n, +-+mn,.
EIE 2%

wAEM, (C), N 0<rank(A) —
nA<n-1.

2.3 rank(A)=¢(A)NFTEEEHE

T4 HIE rank (A) — (A E A0
rank(A) — £ (A)<<n — 1, N5 rank (A) Fil 2 (A)
NS e ) 78 8 L § o/ 3 B 1= P
EF =37 W N R A = B 1) ) D NS R e L

EIE 3 W AEM, (C),MLLF GRS
rank(A) = #(A);
ABARI ™ (m=2) IR H T
ind(A)<1(ind(A) FA5E X UL 2. 4) 5
rank(A) = rank(A%) ;

e. XFEE ERE m (=2),40F rank(A) =
rank(A™ ) ;

f. N(A) =NA»);

g XN THEEBABRE m (=2), #8H

&0 TP

N =NA™).

EIE 4 A€M, (C) LI TF A%

a. rank(A) —p#(A)=n —1;

0 0

b AR ()

c. ind(A) =n;

d. A" '£0;A" =0;

e. trank (A" =n - 1,1<I<n-18H
rank(A") =0,0<]1;

f. NAODCN@A>) - CNA"HCTNAY)
WE N EF = B S) ;

g MFMEEI<k I<n, k#1.WaH
rank(A*)#rank(A") ;

ho 4 FAERE 1<k, l<n.k#10&8H
NA"#NAD.
2.4 FERERFEEIEXS|IE

R CE A rank (A) — £ (A B EFaf A, Bl 0K
rank(A) — p(A)<<n - 1. 341 T ZFHERMHE
n = 1 A 20 IS 20 5 — 35 1 2518 W] RE A H:
AT LLWE? Sy ¥ IR A [ R, AR SCAE B T %0 R 1)
FAL ind (A) BIHES: .

wAEM, (C), Wn] g LEMEAZH A.C"—>
C",z Az, Im(A) AL A RS 250

EX M A A b, 2 L Ind (A) =
inf {k] Im(A") =Im(A*" ) },ind(A) =inf {k |
rank(A*) = rank(A** 1) }.

EE5 Ind(A) =ind(A) =n,.

R HeRt i =1,2, 0,2 1<k <<n; -1

Bf.JE = { JRLLE S A rank(JF) = n; -

0
En,i*k O
k, s it—4, rank (J5) <<rank(J"D). il F A 24

Bt 46 /%, rank (A" ) = 2 rank (J) . 1 %F T A8
i=1
SOARTRFARARLNT IV 1 28 XY B, HORE 1 BRAS 23 e A AR
B T 24k <<max{my, nys =y n,} = ny B,
rank(A") <<rank(A*" ). MY k=n; B, JF =0. fF
P k=max{n;,n,s*+sn,} = n, B, rank(A*) =
rank(A* 1), WITEIER T %8 —4~%20 ind (A) = n;.
HK B ey eysrse, HEMZEC " —H
B, Hd e = (0,0, 1,-0,0) B @ DR D).
WL PEAE e ATEXHEE T HHE RN AL p=ny +
ety , Vi=span(e, .y, e, MV, S A- R
Afasal, H AL Ve EBRGIER eperseve, B



14 TR 22 R

2017 4 55 39 %

Jf+l

1) [ hy ACHES 20 - BRI 20

J
J1
AR A Je A R -0 A5 FHIE Y
J
k=max{n,, nyssn,} = ny B, J5 =0, BF LA
Im(AH) =V, =Im(A" D). TR, HEY k<
max{n,ny,-.n b= ng BB O 5 .,
ACer) =€y, ACey) = ez, s ACe, 1) = e, »
ACe, ) =0. 3 — 2, A" Cey) = epiry A" (ey) =
Crizsrs A Cey ) = e, s A (e i) = 0,00,
AfCe, ) =0. TfiTs e € Im (A", fHIE €4y €
Im(A* D), B Im(A") ZIm(A D, FREBIEH T
A5 Ind(A) = 0, .

EX 2 WA AWME.FR n NERE A WS
30,1845 ind(A) .

t

3 FEER

HEH 2 rank (A) — # (AR BT H 2 A,
HAE

a. rank (A) — # (A) = 0 & ind(A) =
0,A TJ 3

1, A WZ R IR 20 G e B o 1

b. rank(A) — #(A) = n — 1=ind(A) = n.

XFAE A S, rank (A) = 12 (A) H. ind(A) =0,
FTLL rank(A) — #(A) = ind(A).

WARA T Ay ARG O A LATF B4

rank(A) — #(A) =0=1ind(A) =1;

rank(A) — #(A) = n — 1=ind(A) = n.

R, BARE R X TawdEl 2R/EA
rank(A) — #(A) =ind(A) — 17 NIHRFE—HF
0
10
A =
0
10
rank (A) = 2, £ (A) = 0, ind (A) = 2, Ry 2
rank(A) — #(A) =ind(A) — 1.

FEHE6 rank(A) - ¢#(A) =ind(A) -1 HRE
FAFRACTEE A B2 SHRUERI T, ny = g = o0 =
n, = TP A 22580, AT DU S By R B R IE
(BT I 20 2 e 2 — )

WEB H5I3 2,rank(A) — #(A) = ny + ny +

ceot =t NTMA ,rank(A) — 2 (A) = ind(A) —
1&n, +eo+n, =1t 1.

R ni =1 Dk ny + e+ >t - 1, HEES
WAL HALY ny =ng=-=n,=1.

ALl rank(A) — #(A) =ind(A) —1&n, = ng =
o=y =LA, e J 0 B0 TS e BF A 12
MR, N 228, o LU S B R, R E
SR B I A 24 2 38—y

EIE7 4 rank(A) — p#(A) =ind(A) + i, 0] i 11
BUBETEREN —1<i<[n - 2/n ], HAJHE | FHR.

iERR 913 2 3RS i = rank(A) — #(A) —
ind(A) =ny +--+mn, - t.

SR/ ME AR n =10 0L iy + e+ =
t—1,p7LL i =rank(A) — #(A) —ind(A)=-1, H
HEBTE my = mg = - = n, = 1 WAl B3| - 1, fr LA
min = —1.

SRIG SRR R m<<my , JIFL) i = rank (A) —
#(A) —ind(A) =n, +eeetn, —t<<m, (t—1)—t.

VN nlg%,ﬁﬁu ig%u—l) —t= n—%—

tzn—(%+ t).aagzm%zt%+ t=2n LA

i<n-2Vn,HFE t=VnBtEE n-2Vn, L
max i =n —2vn .5/ n B LEHE, max i = [ n

-2v/n].
AR 617 Ui B i Tk, 4
J
A= J
J
J
Hr
00 0
J=110 0
010

N n=12,rank(A) =8, £ (A) = 0,ind(A) = 2, M\
i =rank(A) — #(A) —ind(A) =6=[12-2 /12].

4 &

ASCHES 5 SCERT — 2 R SRl _b X0 52 B 1
SAEFREE AN EOW R AE T #E— 2L 10 b, 58 3%
& T CA SCERR R RS i Bk S5 JE AR 00OC
RIWFTE. R ZEE ARG A0 R A5 B TR R 5

CFHE55 24 7D



24 R I N N

£l 2017 4F 45 39 %

Ktk AT A

o€ L*([0,T. ;W) . (u.0) €
L=([0,T.;H*(Q)) N L*[0, T.]; W»1(2))

e, € L0, T, ;L2 ,(u,,8,) €
L*([0, T, ;L*(2)) N L*([0,T. ];H'(Q)

B F SCHR8 ] i L T ie, AT UE u €

C(0,T. ;H'(Q@)ONCAO0, T. ] H* (), I

PR A E R 15, 0€ C(L0, T, J; Wi (). 5E

1R,

S 30k

[ 1] MATSUMURA A, NISHIDA T. Initialboundary value
problems for the equations of motion of compressible
viscous and heat-conductive fluids[ J ]. Communications
in Mathematical Physics,1983,89(4) :445 — 446.

[ 2] DANCHIN R. Global existence in critical spaces for

compressible Navier-Stokes equations[ J]. Inventiones

Mathematicae,2000,141(3) : 579 — 614.

DANCHIN R. Global existence in critical spaces for

flows of compressible viscous and heat-conductive

[3]

gases | J ]. Archive for Rational Mechanics and

[5]

[6]

L7]

L8]

L9]
[10]

Analysis, 2001,160(1) :1 — 39.
HOFF D. Existence of solutions to a model for sparse,
one-dimensional fluids [ J ]. Journal of Differential
Equations, 2011,250(132) : 1083 — 1113.
HOFF D, SERRE D. The failure of continuous
dependence on initial data for the Navier-Stokes
equations of compressible flow[]J]. SIAM Journal on
Applied Mathematics,1991.51(4) ;887 — 898.
HOFF D. Local solutions of a compressible flow
problem with Navier boundary conditions in general
three-dimensional domains [ J ]. SIAM Journal on
Mathematical Analysis.2012,44(2) ;633 — 650.
CHO Y G,CHOE H J,KIM H. Unique solvability of the
initial boundary value problems for compressible
viscous fluids[ J]. Journal de Mathématiques Pureset
Appliquées,2004,83(2) : 243 — 275.
EVANS L C. Partial differential equations[ M]. 2nd ed.
Providence, RI: American Mathematical Society,2010.
XUBIHI . Z B AT LML 2 R AE 50 Bl ik, 2004.
DIPERNA R J, LIONS P L. Ordinary differential
equations, transport theory and Sobolev spaces[]].
Inventiones Mathematicae,1989,98(3) ;511 — 547.
(S BO

B BB DA DA DA DA DA DAL DA DAL D DAL DA D DA DA DA DAL DA DA DAL DA DA DAL DA DAL DA DA DAL DA DAL DAL D DAL DAL DA DAL DAL DA DAL DAL DA D B

CHEE%E 14 1)

HEE 25 1 T AR A Bk AR AR AR 5ORN R B s £
X EHEMEEE R DL R ) TEA X
RN rank(A) — 2 (A) =0 F1 rank(A) — #(A) =
n — 15T,

Sk

1] SR, HHRE Y Bk 5 AR AR 18 B0R 55 1 21
[T . fEH 24 g2 4, 2012, 28(4) .5 - 8.

/NG R A OGS B A RR R E AR AR A
ORI —LTHE )] BRI 22 iR (T 4R
Fl22i7),2014(2) .1 - 6.

BB S WK A S RTESC. T MR R AR R S B
Z IS 2R LT TR B S B 2= i CH SRR 10D
2008,25(2) ;29 - 31.

FIHIL, AR F n By R ) H SRR
BIAERLT]. K252, 2006,22(5) 157 — 159.
MRS A MG  BRAEA . B S AR R AR A B 22 0h

[2]

[3]

[4]

(5]

L6]

L7]

(8]

[9]

[10]

3 MRERELT]. #2274 . 2015, 22(2) : 1 - 4.
ErUb 7 S L 1 RS RS L A5 R AR S AE B AR
B R e LT ] 35 AR 2 23 (L% jO 2014, 52
(6):1210 - 1214.
SRSCHE 1 S . Cms D BRI Cme s D
FESEHEME R AR B ST LT 1. bR A A i CH AR
fR) ,2009,10(1):5-9.
BAKSALARY O M, TRENKLER G. On k-potent
matrices[ J ]. Electronic Journal of Linear Algebra,
2013,26.:446 — 470.
NIKUIE M, MIRNIA M K, MAHMOUDI Y. Some
results about the index of matrix and Drazin inverse
[J].Mathematical Sciences Quarterly Journal, 2010, 4
(3):283 - 294.
BERNSTEIN D S. Matrix mathematics: theory, facts,
and formulas [ M ]. 2nd ed. Princeton: Princeton
University Press,2009.

(Umfk . T 402D



