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%

由引理
#

可知$存在
\

*

(

<

$

;

*

(

<

T及
%

*

,

G

$

使得
G

*

!

8

"

V

%

*

!

\

*

T

;

*

8

"

;

W

*

G

=

G

!

8

"在
J

上$这里

G

!

8

"是
J

上一个非常值有穷级亚纯函数
%

因为$

%

*

V

&

*

.

1@

<

$所以$由
WF+E(-X

定理可知$

G

!

8

"

@

<%

情形
!

!

\

*

.

;

*

(U

%

通过简单计算可得

%

!

W

"

*

!

\

"

A

&

W

*

!

\

"

1

!

\

"

B

:

W

P

A

#

! "

W

P

%

!

W

B

P

"

*

!

\

"

1

!

P

"

!

\

"

1

!

\

"

设

=A

P

!

\

*

.

;

*

@8

"

;

P

B

#

*

7

!

P

B

#

"

!

\

*

@;

*

8

"

7

!

\

*

@;

*

8

"

@

;

P

*

7

!

P

"

!

\

*

@;

*

8

"

7

!

\

*

@;

*

8

"

!!

于是

G

!

W

"

*

!

8

"

A

%

!

W

"

*

!

\

*

@;

*

8

"

A

&

!

W

"

*

!

\

*

@;

*

8

"

1

!

\

*

@;

*

8

"

B

:

W

P

A

#

! "

W

P

%

!

W

B

P

"

*

!

\

*

@;

*

8

"

;

P

*

=

则

G

!

W

B

)

"

*

!

8

"

A;

B

)

*

%

!

W

B

)

"

*

!

\

*

@;

*

8

"

A !!!!!!!

;

B

)

*

&

!

W

B

)

"

*

!

\

*

@;

*

8

"

1

!

\

*

@;

*

8

"

*

B

:

W

B

)

P

A

#

W

B

)

! "

P

%

!

W

B

)

B

P

"

*

!

\

*

@;

*

8

"

;

P

*

-

=

$

)

A

#

$

;

$1$

W

B

#

又 #

!

\

*

.

;

*

T

8

"

G

<

$

;

P

*

7

!

P

"

!

\

*

T

;

*

8

"

7

!

\

*

T

;

*

8

"

G

<

!

P

V#

$

;

$

1$

W

"在
J

上$则当
*

( U

时$

= G

<

$并且

%

!

W=)

"

*

!

\

*

T

;

*

8

"

;

)

*

G

G

!

W=)

"

!

8

"$则%

!

W=)

"

*

!

\

*

T

;

*

8

"

;

)

*

在
J2

X

G

上内闭一致有界
%

故

M

!

%

*

"!

\

*

@;

*

8

"

A

%

!

W

"

*

!

\

*

@;

*

8

"

@

!

:

W

B

#

P

A

<

2

P

!

\

*

@;

*

8

"

%

!

P

"

*

!

\

*

@;

*

8

"

A

!

G

!

W

"

*

!

8

"

@

:

W

B

#

P

A

<

;

W

B

P

*

2

P

!

\

*

@;

*

8

"

G

!

P

"

*

!

8

"

A

!

M

!

&

*

"!

\

*

@;

*

8

"

1

!

\

*

@;

*

8

"

B

:

W

)

A

<

:

W

B

)

P

A

#

2

W

B

)

!

\

*

@;

*

8

"

+

!

W

B

)

! "

P

%

!

W

B

)

B

P

"

*

!

\

*

@;

*

8

"

;

P

*

=

所以

G

!

W

"

*

!

8

"

A

M

!

&

*

"!

\

*

@;

*

8

"

1

!

\

*

@;

*

8

"

B

:

W

)

A

<

:

W

B

)

P

A

#

2

W

B

)

!

\

*

@;

*

8

"

+

W

B

)

! "

P

%

!

W

B

)

B

P

"

*

!

\

*

@;

*

8

"

;

P

*

=B

:

W

B

#

P

A

<

;

W

B

P

*

2

P

!

\

*

@;

*

8

"

G

!

P

"

*

!

8

"

!!

由于
G

!

W

"

*

!

8

"

G

G

!

W

"

!

8

"在
J2

X

G

上$故

M

!

&

*

"!

\

*

T

;

*

8

"

1

!

\

*

T

;

*

8

"

G

G

!

W

"

!

8

"在
J2

X

G

上
%

由
G

!

8

"

@

<

$易知
G

!

W

"

!

8

"

F

#%

进一步可断言$

G

!

W

"

!

8

"

@

#%

事实上$若
G

!

W

"

!

8

<

"

V#

$则由
WF+E(-X

定理可知$存在
8

*

(8

<

$使得对充分大的
*

$

M

!

&

*

"!

\

*

T

;

*

8

*

"

V

1

!

\

*

T

;

*

8

*

"$从而由定理
"

中的条件可知$对每个正整数
=

都有
M

!

&

=

"!

\

*

T

;

*

8

*

"

V

1

!

\

*

T

;

*

8

*

"

%

另外$

\

*

T

;

*

8

*

(

\

<

,3

)

$

则对充分大的
*

$

\

*

T

;

*

8

*

@

<

#否则
\

*

T

;

*

8

*

V

<

$从而
8

*

V=\

*

.

;

*

(U

$矛盾
%

这样对充分大的

*

$

\

*

T

;

*

8

*

,3

!

)

%

这与式!

!

"矛盾
%

于是$有
G

!

8

"

@

<

与
G

!

W

"

!

8

"

@

#%

由引理
;

得

G

是常数$矛盾
%

情形
"

!

\

*

.

;

*

(!@U

%

令

@A
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年 第
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卷
!

V

*

!

8

"

A

&

*

!

;

*

8

"

;

W

@

#

*

!

P

"

V

*

!

8

"

A

1

!

;

*

8

"

;

*

&

*

!

;

*

8

"

;

W

*

1

!

;

*

8

"

A

1

!

;

*

8

"

;

*

%

*

!

;

*

8

"

;

W

*

G

=

8

G

!

8B!

"

A

V

!

8

"

显然
V

!

<

"

@

<

$并且由
&

*

@

<

及
WF+E(-X

定理可推

得
V

!

8

"

@

<%

因为$

&

*

只有重极点$同样由
WF+E(-X

定理可得$

V

也只有重极点
%

而

M

!

&

*

"!

;

*

8

"

A

&

!

W

"

*

!

;

*

8

"

@

:

W

B

#

P

A

#

2
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!

;

*

8

"

&

!

P

"

*

!

;

*

8

"

A

;

*
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!

W

"

*

!
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"
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:

W

B

#

P

A

<

;

W

B

P

@

#

*

2

P

!

;

*

8

"

V

!

P

"

*

!

8

"

!!

由式!

P

"得$在
J2

X

V

上$

V

!

W

"

*

!

8

"

A

M

!

&
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*

8

"
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:
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B

#

P

A
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;

W

B
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@

#

*

2
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!
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*
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"
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!

P

"

*

!
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"

;

*

G

V

!

W

"

!

8

"

故
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!

&

*
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;

*

8

"

;

*

G

V

!

W

"

!

8

" !

"

"

!!

断言%当
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*

<

-时$

V

!

W

"

!

8

"

@8

%

首先$

V

!

W

"

!

8

"

F8

%

否则$

V

!

W

"

!

8

"

.8

$则
V

是

次数为
WT#

的多项式$从而与
V

@

<

矛盾
%

如果存

在
8

<

@

<

使得
V

!

W

"

!

8

<

"

V

8

<

$由
WF+E(-X

定理与

式!
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"可知$存在
8

*
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<

使得M

!

&

*

"!

;

*

8

*

"

;

*

V

8

*

7

!
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*

8

*

"$即
M

!

&

*
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;

*

8

*

"

V

1

!

;

*

8

*

"

%

由定理
"

中的条件$对每个正整数
=

都有

M

!

&

=
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;

*

8

*

"

V

1

!

;

*

8

*
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*

8

*

,3

!

)

$这与式!

!

"

矛盾$断言得证
%

注意到
V

!

8

"

@

<

$由引理
P

可得$

V

必为有理

函数
%

如果
V

不是常数$应用引理
!

可得$

V

!

W

"

!

8

"

=

8

至少有
;

个不同零点$矛盾
%

因此$

V

为一非零常数
%

现证明这是不可能的
%

若设
V

.

!

@

<

$则有
&

*

!

<

"

V

;

WT#

*

V

*

!

<

"

(
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若存在
)

#

&

<

$使得
&

*

@U

$

\

,3

)

#

$则由引理

"

可知$*

&

*

-在
3

)

#

上正规$矛盾
%

因此$存在*

\

4

*

-$满足
\

4

*

@

<

$

\

4

*

(

<

$以及

&

*

!

\

4

*

"

V

U

%
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\

4

*

为
&

*

模最小的极点
%

因

V

*

!

8

"

V

&

*

!

;

*

8

"

;

WT#

*

(

!

$可得\
4

*

;

*
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%

现考虑
#
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*

!

8

"
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*

!

\

4

*

8

"

!

\

4

*

"

W
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%

显然$每个

V

4

*

,

!
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!

上都有意义$且满足
V

4

*

!

8

"

@

<

和

V

4

*

!
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"

!

8

"

A !!!!!!!!!!!!!!!!!
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!
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4

*
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"
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:

W

B

#
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B
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@
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!

\

4

*
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"
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!

P
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*

!
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"

\
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*
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"
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*

8

"

\
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*
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"
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"
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<
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<

$则由
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定理可知$存在
8

*
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<
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!
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*
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\

4

*

8

*

"

\

4

*

V

8

*

V

8
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*
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\

4

*

8

*

"
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1

!

\
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*
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*
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由定理
"

中的条件可知$对每个正整数
=

都有

M

!

&

=
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*
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*
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!
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4

*

8

*
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\

4

*
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$但这与
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!

"矛盾
%

故对每个
*

$

V

4

*

!

W

"

!

8

"

=
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!

\

4

*

8

"至多

在
J
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8
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$设
1

*

!

8

"

V
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!

\

4

*

8

"$则

在
3

上内闭一致收敛$有
1

*

!

8

"
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%

应用引理
G

得

V

4

*

!

8

* -

"在
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<

上正规
%

注意到
\

4

*

为
&

*

具有

最小模的极点$则
V

4

*

!

8

* -

"在
3

上全纯$可应用引

理
>

得
V

4

*

!

8

* -

"在
3

上正规
%

因此$

V

4

*

!

8

* -

"在整

个
J

上正规
%

于是$存在子列
V

4

*

!

8

* -

"!不失一般性$这里仍

记为
V

4

*

!

8

* -
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J

上$

V

4

*

G

=

V

4
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V

4

*

!

<

"

V

&

*

!

<

"

!

\
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*

"
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V

&

*

!
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*
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"

!

\
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*

"
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*

\
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*
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V

*

!

<

"

(
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从而

V

4

!

<

"

V<%

再由
V

4

*

@

<

及
WF+E(-X

定理可推得$在

J

上
V

4

.

<%

但由式!

G

"可知$

V

4

*

!

#

"

V

U

$从而

V

4

!

#

"

V

U

$矛盾
%

这样就证明了
"

在
3

)

上正规$

与前面假设矛盾$定理
"
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