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Chemostat Model with Stochastic Perturbation on
Multiple Parameters

LI Jiao, MENG Lin-lin, YUAN San-ling
(College of Science , University of Shanghai for Science and Technology , Shanghai 200093 , China)

Abstract: A stochastic chemostat model was considered, in which both the input concentration of
nutrient and the dilution rate are simultaneously influenced by white noises, The uniqueness and
global existence of the positive solution of the model were proved,and it was investigated how the
solution is oscillating around the positive equilibrium and the extinction equilibrium of the
corresponding deterministic model under different conditions. Numerical simulations were carried
out to illustrate the conclusions.

Key words: stochastic chemostat model ; Brownian motion ; Ito formula s asymptotic behavior

A — MR FH ) 5 ik 2« SE IR VR N B 18 Y 1

1 EERR 2 L R 5 37 2 0 e P S AR A

TR SR TR W ) 3 A e R AR Ak AR Rl LU

fE Ak R — PR A B TR s R e AN S L H B A LR S5 Ak I 5 A 1 o 2 R 45 AU IR

E IR AN T R AR KR A P A K 5 FIBREIVEE SR . fE A AR L B TR rh i

) —F % SL 35 SR L ) 2508 (Monod) 81 . 1H VERT Qb A= 97 b CHE 1 0T B 1 55D . fR THEAR
Wi EEA: 20121004

E€WA: ERHARHARER BT HE (11271260 ; [ 2 22 RHER BB H (XTKX2012) 5 11 #ZERHF 813 H S

P H (13ZZ116)

&S EH. 2 1988 ), 1 B AFGEAE . ARG T ) A B . E-mail: lijiao 1219@126. com
WIS R =41(1966 — ), 5B . 2. WF 55 7 1) - A 9 %k2¥ . E-mail: math-ysling@163. com




524 v B TR 2R e R

2013 4F % 35 &

A5 TPAHOC ST LGE I 5250 I A5, I L o B i
R AT RERS 2 5 L I 45 RAHAT 458 . BRIt ek 2%
BA S5 5 2 SUAE 3 FRE 5E v N B T i — T
PHAR P SL ke B BT HAERNS  SEBR N H A
WA TEAE AR 8 1 2B R B A5 5 L T 1) PN A0 K
SEESFARN G AW s TAER 5 . SCHEk
(1158 T — 2R 7675 J A 5E T 19 Monod-Haldane
TEALARASEAL , BRAT T 1R W O 4 o] 300 e 4 sy W 5 | 1
Fuor A IR T RG0SR R REAR.
SCHRC2 5 T E Ak — 28 B 3R W B0 FE R 1
AE YRR AR 2] T AU W A S A
AYSEC IS B SR . SCERE3 RS T 1

EMRG
ds _ 0 _ _ mS i
ar ~ 79D y(a+S)&1 -
de _ / mS _
dt m(a + S D> J

K, SO, (OS5 R t B ZVE TR AHEY
W, BT S8 IEF5G S° i A E R
WeBE s D R E AR (G B s m R AR P B SR
KB ; o NP MEEG y BRI R.

ARG (D i — 20 2% RS TP
MIFET, WIS B R 50

dS _ o _ . mS .

(2 = (S' - $HD y(a+S)&l N
de _ ( mS _ _

b a(S-p-n) |

b Dy g P R E IR SET .
RGO BB T172 AT AR T 5 R GE(2) AT

0
TEU R A B = (S°,0), 245 _<p+ D,

a+S"

0
o B4 R RE %2> D+ Dy B E'%

Fab s WIRE 28 GE A7 7E — A4 Ja W T A 190 1E 1 4 A
E*=(S",x), Hrh

¢ . _aD+D)
m — (D + Dy)
S — }’D 0 _ G(D+D1)
@ D+D1<S D+ D)

TEZGE(2) W AER b AT AFE— 20 it 7 s )
SR E AL RS L G2 R A P K s SRR ER i
e P TR A (] 5 RS TE AL AR AR P8 50 45

EAFE R AR DUE R AL A3 AR A 2% 5]
A W 7 G A v n] E T 52 1) B9 45 Pl BERL R A B0
PO NS SR AR AN A% 5 AR R A A
AR RIS 0 ) 1 2 55 . 3k L8 AL IR 38

SR W) R SR R = A — S B2 ).

VL AR X REMLAE S el A1) 3h T 2# B AL i
I E R T B NAMT 2 B9 8 O o B AR
YBCA I AT IR B A B 2 T R L
22 TR BEHLIN 2R 520 1) 7 1k 28 A — PR Rk
Bl L PR 28 %58 28 0 140 32 Wi 6 IR A o R e S /0 5 M
M SRl RARBEBEHL N 28 A5 e e B AE 5 A
N7 (A 2 W 2R 81 7 5 (40 A 22 g e 4911 SRR
BEAEZR S8 (2) T BEHL R 2 (1 572 i 38 BLAE X g A8 5=
e B ANt Ak TR i E B pE TR s L, B

SO > S° + oB, (1),
52| FEPLR S

dS:[(SU—S)D—

D, — D, + BB, (1)

mS
yCa+S)

x]dﬁaDdBl(t)

du = [x(d”jss—D—Dl )]dt—ﬁxd&(t)

A, By (8, By () Sy #H B b 57 0 b 1 A B
a s B AR R

P 36 R 8 (3) BT A8 7 Bl AL IR 75 X6k
TSR SR B 1A T R R

EA S, BRAE S A Ul W, Bk (Q, F,
{Fi}izos P)JE— 0 MRS 0], HAF, ol
SR E (A ELSEH Fo (03 A 4.
B ()72 LA M 25 0] L (W An A Wiz 8, i =
1,2. 548 Rt ={x€R",2;>0,1<i<<n}.

2 REQ)IENBHERTEFEEE—M
AR

PERA BEAL R G2 (3) A (4 67 1 0 4 Jmy A 7 e
— k.

EE 1 MEELAEMBIME SO >0, 000>
0. RGE () AME—IEME, HXLFITA R t=0 £F

TERREL (), () x (DHF () i1 ¢(1)<

S(HZ D), e (H<w(tH)<wx(t).

IERA oA R 58 (3) B R BUR S Lipschitz %
S, LA X FAE RS E M RIE (S (0), x(0) €
R% fE t € [0, 7o) RS (3) fEAEME— 1 7 i i
(SCty () o, o, JEERFERE]. T UEB A4
fift 4 )R AFHIE . =0 a.s.

H TR I m, it A

de <<[a(m — D - Dy)]dt — BedB, ()
1M 75

}(3)
1z

s



556 48] PO HAZA SIS REHUE (LA SR AT 5 525

Jdat)=[a(t)(m=D=Dy)]dt-Fe()dB, (1)
Loy = 2o

itk

#(t)= e exp| (m-D-Di- B 7 ) 1= |

H H A E BEAT 45
() < x(t)as t€[0,z.)
N
x >=— (D + Dy adt — BedB, (1)
M 7 %
{dx(t) =— (D + Dpa(t)dt — Bx(t)dB, (1)

2 (0) = x(0)

i A
x(t) = :)c(())exp{(* D-D, - %)t - ﬂBzu)}
FH L e B AT 15

w(t) =a(t) a.s. t € [0,7,)
5l
() <alt) <alt)as te[0,7)
[, & S A

dS < (S = S)Ddt + aDdB; (1)
JrkE
do(t) = (S" = (1)) Ddt + aDdB, (1)
{@«)) =S = S
afii

d(t) = S + Sexp{—- Dt} +
t
aDjOexpw(s ~ DB () a.s. t € [0,7,)

A Eb B e BT A5
Sty << d(t) a.s. t €[0,z.)
1]

ds = [(SO - S$D - %x(t)]dt + oDdB, (1) =

[(SO - SD - %x(t)]dt + «DdB, (1)
Wil
Jap(t) = [— Do(t) — %E(twsm]dtdeBl(t)

150(0) =S =S
i N
o(t) =S%xp{—- Dt} + J:exp{D(s — 1)} .

U_ M (1) + S'D)ds + aDdB, (5) |

[RIRE . /1 HoAs e #E ] 5
S(ty=e¢(t)a.s. t €[0,z,)
zx FRridk

P(t) <S(H) < (D) < all) <

x(t)a.s. t €[0,z,)

Hooe(t),d(t) a(t),ae(t) a5, Xt
1 f5E.

3 RG(3)MEESLSE ECHIRHITA
gla'nisgnéDJr D, B RS (2OFH —4

AR e 4 KOV A B = (S°,0), AR, B0
JEREALR G () P A T R G (3 N EE [y
W HETEAT A E R 2.

EE 2 XMEEWIE S0)=>0, x<0)>o,i§z

RGNS, x(t)), ﬂu% <D+

S(J ~

<1 HCa+ §P<2a?

lim sup EJ [(S(?”) - S"H?% + %ﬁﬂ)z}drg

t—>0

D1 ,D>Cl

2C1 (SU)Z + a D
M

Hrr
1

M :min{z(D — e - §>,2(D _ 6 - %)

(2 _(a JZLZSW)}

¢; = max{a?.D} + )
iERR 4
N2
V(S, ) = (s- S +i) +
Y
4<D—c1—%>(oc+5°)2

yma

X 4

A XA
av=2(5-s"+7) <d5+%dx>+<d5+%dx)2+

4<D—cl—%>(a+50)2

yma

de =

Lvdt + 2(5 - S+ %)aDdBl(t) -

2(3 - S0+ %)%dez(t) -



526 BRI I D == o

2013 4F % 35 &

4<D - ¢ - %)(a + S%)%

yma

dB,(t) (5
Horp
LV=-2D <S—S”+$)2 - 2(5—5%%)1)1 ?L +

(D=e =5 )+ s

may

: 4
2
o’ D* + —Bzxz +
4

mS _ p)\ _ 1 — G0 4+ Xy2
<a+S D)x< 2(1) 2)(5 S+
1
) ) 4(D-¢, - = +G0)2
azDZ-i-'BZ:Dfo n ( €1 2)((1 ) .
Y may
mS
(¢ s D) ©)
R
2 2 2 2
ErDiecas e B2l o

2
max{a?,B? + D%} (S + *) <
2max{a®,B? + D%} .

(5-5105) +co0]-

ZCI[(S - S0+ %)2 + (S“)Z] (7
Hrr, ¢, =max{a?, D} + B%}.
B DORAK G,
LV<-2D-¢ - 2)(5- 8+ ﬂ)z ;
2 Y
(D= - )+ s

may

( mS

_ _ , 2 12 0\2 —
gD D1>Jc+aD +2¢, (S =

~2(D- e - )5 -8t L
4(D-e - )5 -8 L

(D= e =)+ s

may
(a'”jss -D —Dl)m +a’D? +2¢, (SV)? (8)
a. X4 S<<S° nmt,
mS mS ~ mS°
a+ S D D1<a+S a+ SY
___Mma  rgo _
(a+ 50 S

Jlidin)

4<D—c1—%>(a+50)2

<mS —D—D1>x<

may a+S
_ _ _ 1 0 _ £
4(1) ¢ 2)(5 ) 9
XA B . H
_ _ _l _ Q02 xiz
LV <-2(D-c, 2)[(5 S%) +yz]+
«?D? + 2¢, (S°)? (10)
b. 24 S>S° i,
mS mS _ mS° Mo o
a+s DD iS55
Jlidiny
1
p-amg ) S )
may a+ S !
o1 3 x (a + S
4(D-ci-5 )¢S S">7<4(7a2 ).
1V e o (a+S* _ 1y,
(Dei—y )= S =2(H 7 -1
22
(D—cl—%M(S—S“)Z + %] (1)
KR ADIRAR S A
1 _(a+ 8"
LV<—2<D—01—§)[2 T }

22
[(S—SW“%}#MDHZCI (S92 (12)

M =min{2<D —-c - %>,
2(D ¢ - %) (2
= (10 Ak (12) 2
LV <- M[(S = 8"+ ;—j} 2D + 2¢, (S)?
2t R ¥ LV ARAK(B) .15
AV < {— M{(S—S“)“O}fz}*azDM

7(a+‘S°)2)}

az

2(31 (SO)Z

At + 2(5 - S0+ %)aDdBl(t) -
2(5 - 5"+ i)ﬁdexw -
Y’y
4<D - ¢, - %)(a + S0)2
yma
Xt BRI 0 B ¢ R4, FREUY R 15
E[V(H)]- V(O) = EU:Lvmcw]g

dB, (1)




556 48] 7=

1855 BT 2 SR sl i REALE AL SRR AT 5 527

B[ M5 - 507 20 ay s

a’D*t + 2¢, (8%t
JIr LA
2
hmsup EJ [(S(?”) - S")?% + %Jdrg
2¢; (S°)? + ¢*D?
M
FEH 2 R, I o
IRRE .

& FE5 /N S B R HL

4 EFEHSRE BEEITA

= ”iSSU>D+D1 i, i E° = (S7 a0 ) 2

SEPE R GE(2) 1Y 2 SRy R IE - A T2 BEAIL 2R
G5 (3) WA . LT REDLAR G (3 R AE B B
AR A T A e B 3.

EIE 3 XHMEEMPIME S 0) >0, x(0) >0,

0
FEOMMNS (D2 (1), 555D+ D),

D>c¢, + 5&%2‘&3)5@%%&%13).

hm sup }5EJ [(S(?)— S*)% +

D+D1 2
D ) }dr
4(D+ Dpx* )2
yD

(o4

1
2

y(%( r) -

cz(a+ S +

13

y
iy

c; = max{a®,D? + 2}

2a(D—c1——)<D+D>

L =.2D2 +
¢ =o' D ymD

B+

2C1 (SU)Z
(SK aL )IEH%XE
iR 4

R G0 (2) 1A A

V(iS,x) =

<sto+$>z+ .

—D+D1x*—D+D1x*
D D

ARV IRIEE B A

av=2(s - 5"+ ) (d5+%dx>+ (ds + %doc)z ;

_ D+D19L ,
m <1 D >dx +
2a(D=ci -5 )(D+ DD .
2 L (du)? =
ymD x?

Lvdt + 2(5 ~ S0+ %)aDdBl(t) -

40L<D—cl—%>

2(5—5%%)@%(132@)7 -
(1—D}D”‘ JBrdB. (1) (14)
LV=2(S- 5+ };)[(SO—S)D—%x}r
L2(5-5 1) D
D §
a2D2+[jzx2+4a<Dy; 2>(ac—DZD1x*)+

e L :
e 757;(D+D1)ﬁz x*é—Z(D—%)'
(S - S0+ %)Z b epr s D ;Dlocz +

4a<D— C1 —%)

ym

(fojLDlx*)Jr

2a<D -c¢ - %)(D + D)
ymD

e e . D Dl.%
HEE ST T

(15) A1
LV<*2<D -c - %)(S - 80 +%)2 +

x” (15)

= S", XD K

IS
4a(D y;; 2>(x—D+DD1x*>+a2D2+
1 '
e (SO)2+2(L(D—Cl—yil;(DJrDl)ﬁzx% )
—2<D—cl—%>[S—S*+%<x—7DZD1x*)T+
BSR4
4@<D y;;l 2><x D+DD1 *>+Cz (16)
Hrp

2a(D - ¢, —i)<D+D1)

Cy = aZDZ +



528 b TR A o AR 2013 4F 5 35 4
Bra” + 2¢, (SY)? A(D-c - L
a %(s -5 (a-PpPur ) =0 (e | ; s s b <
| ‘ D-c (5 -5 )
R U T
1 1 2(D-ei - 5)
LV<-2(D - ¢, - p(S-5" + LV < (D-er-g )(s-87 7 - =21
1(@_D+D1x*>>2+4“<Dclé> . (x_DJrDD1W>2+02<— (D—cl—%).
a D ym , 1 D+ D .\
(S_SX‘)Z — N 1;/»( .
aniSS—D—Dl _DEDlx* + ey < [ +}’2<QC D " >]+ “

~2(D-c;- 1 ) (55" o1 (a DD )

e L
HPoemy) e DDy, =
“2(Der= g ) (S-S rak(a DaDu ) e,
b, % (S - S) (x—DEDx*)<o(<:,

350 e it

4(D+D1

(@A) #HS>S" + " 216 W

Lv<-2(D - ¢, —%)[@ _ sty 4

(S=-5") -

DDy s

_Qx* 48

(b # S<S* +W,iﬁ(16)j§l

Lv<-2(D-c, - ;)[<s Sse

- temach),

i(t— D+D19c
Y

(o-e-4)e

ym
_ D+ Dlx*
D

<

;U*DJFDlm’" )—

+cy, =

Dy
(s-5 s (o= P50 ) e, -

e
{1 WS +4(D+D1)x >ZH
[ :

wio-e 1)
‘<a+s*+%y'
Y

(55 d(a- DaDi )]s




556 48] PO HAZA SIS REHUE (LA SR AT 5 529

Zi L ik
(o=}
M= (0 +5 +4D +D1y)1>x* >2 '

—DJ;)DLJC* >Z]+cz an

B ADARAX QD IFxF TP 0 2] ¢
B FEBUY R 45

Ejth - EJtLth
0 0

[(S—S*)H% (

A1t
. 1 t o
lim sup—Ej (S(r) =S )2+
oo t Jo
2
%(m(r)—DEDlx*> }drg

4(D + D" >2
yD

(o= F)e

5 hESITiE

Cz((l"" S* +

PHE T — 25 A IRk BE ARG R332 B Bl
B FS HEA BE ML E AL A8 T i i PR 2 ol badk
SIAT AT AL BEAIL AR G2 (3) 1E AR 1Y) 42 R A TE e — 1 5 T
FAURIE o F18 TEIC . RIVUE B2 P B H AT AR 5 1) 5
Y. BARBEHL A GE (3) A A7 AE L IV 5 IE -
S AHE B2 W I R R A/ L 2 D>

121 S
o
1.0 T
S 0.8 f
g
= 0.6
0.4
021 2®
|

0 100 20 30 40 50
t
(@) 2=0.016, f=0.4

c1 +%,(a + SN2 2a? I, BEHL R S5 (3) [ fift [l 42

S0 PR (2) B9 2T 5 B AL
s S 3 F T, U O AL 6 b
e, + 55 MG =D+ D, L BEHLR 5 (3) Y
WRFRISEHLXE I 0 2 5 20 B IE P8 B 1
BB 5 L3000 1 Wt e S A B
DL A7

B A SCEIE EHE B4 h 3 A HCR
T T T HBBEBUR S (3) LI b 5
B MR A FLA I L W] — P L
13 B P 2 A1E 3 0L 0. St i At
LSRR RS S COR 2 (D 7L
L LTS MRS AR EBLR 5 ()9 S ()
(O

Bl 1 FEFEHLRGE DT S =1, m=2,a=
4,D=1.3,7=0.8.D,=0.1,2=0.016.8=0.4, 5}

Y 0
X%QW}FSSO =0.4<1.4= D+ D, , ki, Z5 () A ME

— Y KRG E°. XK (a+ S°)% = 25<32 =
2a?,1.3= D>max{a? =0.016>,5> + D} =0.4* +
0.1% ) 3 2 By 550 2. BES R R, R5(3)
) it AE AR N R 22 Pk R 8 (2) IS Aif s E° = (S°,
0) = (1,0 Miar ¥ Can & 1 Ca) Prss. w1 {H B
(S(0)=0.11,2(0) =0.89), 5 2 456 —3K,
(I3 P 7 3], 25 B 2 0O 20 T MR 7 i 38 A /)N
—28 N @ = 0.011, 8 =0.027, W4 35 8 FE AL /)N
WE 1) .

127
S(®)

0.8 r

0.6

S@®), x(t)

0.4

021 ()

0 10 20 30 40 50
t
() a=0.011, §=0.027

Bl BEHRL(S)MBESERS(2)WEXFER E° = (1,0) MiRHTA

Fig.1 Oscillation behavior of the solutions of stochastic system (3) around the washout equilibrium

E°=(1,0) of system (2)



530 o B TR 2 2 R

2013 4F % 35 &

Bl 2 fERHLARGE D P S =1, m =3, 0=
1.D=1.1,7=0.8,D,=0.1,a2 =0.043,3=0. 155,

0
58S = 1512 D+ Dy Beh, R (A

EAM S E . Y HY 1.1= D>max{a? =0.043%,
B+ D% =0.155% + 0. 1%} , i H3AY 106 2 . BUE S,

09r

MO

0.8 F

0.7

o
o>

S@®, x(@®)
e o
SO

o
w

o
o

I
—

(@) «=0.043, B =0.155

RN RGE () A HAH I 1 M &R 48 (2) 1
i E* =(S*,x*) =(0.666 7,0.244 4) [
- WAl 2(2) 7R, FIEH(S (0) = 0. 11, 2 (0) =
0.89)), 5EH 3 B&5ie—2. FFE, HHESHA
A TR 7 5 B O /N — 22, T o = 0..001, 8 =
0.005, MR 1 W BEAE /N, Gl 2(h) B 7.

0.8

S()
0.7

0.6 f

0.5

0.4

5@, x(t)

0.3 [

0.2 r

0. 1 1 1 1 1 ]
0 20 40 60 80 100

(b) «=0.001, B =0.005

B2 MURZEQS)MBESRS(2)METES E" =(0.666 7,0.244 4) HRH1T A

Fig.2 Oscillation behavior of the solutions of stochastic system (3) around the positive equilibrium

E" =(0.666 7,0.244 4) of system (2)

TEG] 2 BFEAS L D 1 E— 2 T A e i R o
RGN 1A A7 BRI 45 1) 3.

B3 TEREHLRGE (D H, W« =0.5,8 + Di =
2.1+0.1°>D=1.1. B HE | 2. BUEZE R B
71N » 2GRS R I R A RN L 2 U W TR AR
K, qniE 3 fron .

3 -

NO)
9t
1 N
MM - Ll (N
= 0
<
2 -1
7l ()
_3 -
-4 L L L L 1
0 20 40 60 80 100

t

B3 BREEEEBARENRS(3)BHFEITA
Fig.3 Asymptotic behavior of the solutions of
stochastic system (3) when the noise

intensity is big enough

Sk

(1] JHEE, T30, H N 5E . B I 52 n K Bk b
A Monod-Haldane 8 {b #3515 43 Hr [T 1. g3 T
KFH,2010,32(6) : 539 — 548.

[27] BRI, [EfbasH — 2B A 65 BUHFE R
YRR SRR A AT LT ] R TR 2 2R 4R,
2012,34(4) .373 — 376.

[ 3] Smith H, Waltman P. The theory of the chemostat
[M]. Cambridge : Cambridge University Press,1995.

[4] Jiang D, Yu J, Ji C, et al. Asymptotic behaviour of
global positive solution to a stochastic SIR model[ J .
Math Comput Modelling,2011,54(1/2):221 - 232,

[5] JiC, Jiang D. Dynamics of a stochastic density
dependent predator-prey system with Beddington-
DeAndelis functional response[]]. ] Math Anal Appl,
2011,381(1) :441 — 453,

[ 6] JiC,Jiang D, Shi N. A note on a predator-prey model
with modified leslie-gower and holling-type II schemes
with stochastic perturbation[J]. J Math Anal Appl,
2011.377(1) . 435 — 440,

[ 7] JiC,Jiang D,Li X. Qualitative analysis of a stochastic
ratio-dependent predator-prey system[J]. J Comput
Appl Math,2011,235(5):1326 — 1341,

(G 3O



