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Drinfeld-Sokolov-Satsuma-Hirota Equation
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Abstract: The Clarkson-Kruskal direct method was proposed by Clarkson and Kruskal, which is an
algebraic method for solving nonlinear partial differential equations. The advantage of this method
1s that it does not involve group theory operations and complex initial value problems. It can give
new similarity solutions of the nonlinear evolution equations which could not be obtained by the
classical Lie group method and the nonclassical Lie group method. By using the Clarkson-Kruskal
method and corresponding rules, the symmetry reduction and the similarity transformation of the
Drinfeld-Sokolov-Satsuma-Hirota equation were obtained. It is verified that the results by the

Clarkson-Kruskal method can be transformed into those by the classical Lie group method.

Keywords: symmetry reduction; nonlinear coupled Drinfeld-Sokolov-Satsuma-Hirota

equation ; Clarkson-Kruskal direct method

KR EE: 2016-12-19

E&£UWH: ERARFESEE YT H (11071164,11201302) 5 F i A 2FHF 34 98 BY 35 H (10ZR1420800) 5 | 16 117 5 245
2R B BT H (XTKX2012)

E—EE : FAIA (1993 =) Lo LA DFFE D5 1] IR F-BEE 5 A LR S5 . E-mail :546174910@qq. com

BEEE : SAEEF 976 —) . L, BIFEZ. R 7 1 AR F 38 5 AT LA 4. E-mail : hhengchun@163. com



206 TR 22 R

2017 4 55 39 %

AR s NTTHEASRI R 22 Stk rh #0 B4 i T
FHARRM: R R BN [ () SE B ARS8 (R I . $R 31k
ANE AT AR R i B AR B R BT R S anfeT R
ffAE Lt A S R e — TR MR AR, 284 8022 A
PR AV ZAERANIRSS J1 . AT TR 2 A 3L
PSR AFE Lotk & e T #1975 15, 4N Weierstrass #ffi
PR TTIE A AR H k™  Hirota MUk k™ |
SRR 7 2Rk A

A W5 Drinfeld-Sokolov-Satsuma-Hirota J5
&, fajFr DSSH J5 &, HIE A F -

Uy — OUU, T Ul e — OV, = 0
V) — 20V + 06UV, =0

%7 #2433 4k 7. L - Drinfeld, Sokolov!™ il
Satsuma, Hirota"* $2 1. #54 DSSH 7 & 2 m £ H
AR Lax Xy JE Ltk #2 2 —, IF H DSSH
Jr ] LIV KP % 9 00 2946 1) — SRRk 1 Ol B
ERAE Gy 2 T R B R R T i Giirses I
Karasu™ & 80 7 78 (1) [ — A3 H 51 Rl — 4~ 3L
WIS AL Wazwaz ™' F 3 FiAS IR 7 v, st 2
Cole-Hopf 754 . Hirota X £k 14 75 v Fl 45 5 ok ik
AR T HZINF 2 BNk LA ST TR 9
TR A Clarkson-Kruskal H 3k (fRj i CK B 3%
POXS D AT 40, IR R R w5 1
B AR AL

(1

1 AEEN

PRV AL S SRR LM RS AL AR AT 3
w7 e =gk gk CK B
Fk . Hod, 2 R A E 22 AR B 3 A 1 SR AR
It H A 15 2Lt i oy 7 R R A AL 294k

1989 4=, Clarkson A1 Kruskal #2 # % CK H %
0 T Boussinesq J7 F£H% Fl & 1F ) Boussinesq
Dy RET AR E T A AL » I T 2 B 2 T
e M RE RGN B B2 L ) R 5 vk 1
B SRR TR 2 RS AT, IF B BT R 1S
FHEZ AL 2t g . CK B 3348 12 v 1 AE
SRAG A AP E R s o 5 R b s X FRIE NS I
8 & IE Y Benjamin-Bona-Mahoney 77 % 4.

A A AR B S

Bow (e, ) — Ml 7R PCu) =0 [,
VEAE

x—>x t >t u—>u (2)
i ' o’y O WA T FE PCu) = 0 [f ., B
PCuw'(x'st)) =0

Y (2) WS AR AR S, aT ISR . t,
wCae, OF o't u (o, 1) AR AR 4

ou , _ou _
Sax+rat n (3)

B ORABRX G FATLIE S t) . (el t),
7 Cx s t), T X (3) BRI Ty

de _ dt _ duw

& T n
By R AR R0 o AR (LA o

% = i o) = 0 G D =2 )

Higfg v =h(z, t). i
dt du

(e, t)  pCh(z t), t.u)
AR UCkstsh(zyt),w) = ¢y X I AL R 1T 32
™A

wlx,t) = Ulx.t,w(z(x,t))) €Y)
FET UL AT H A T RIB N (O B g Bl (O RA
F| PCuw) =0, ] 155) o ()5l 2 A —A 8 5 7
P R o R ) — A — AR L 2 A6
CK H L I S A AR 5 — M ik oy
TR
PCustystUysUp =) =0 (5
FE ALK AL
w(e,t) = Ulx,t,w(z(x, 1))
XA I — M TE L B DA G,
I HB R R E R E T o () B HE B IT R,
I HBRME U e B 2 et U o
1 HAATE .
by b AT LA — 2P Ry B (O A I F g A
1) it
ule,t) = ale,st) + fla, Dawlz(x, 1)) (6)
EH aCu, ), Blu,t),z(u, DREFET o, t FEE
B ORARN TG L IF B o (2) 15
R RSB B T R . O T AR 25 R
KT wOBH I T FEK o (2) (BEHFHO
YA [ I ) 2 B8O e A9 5 HLEUAE B 2 1Y
PREC. I AT A3 86T a (e £, B, t) s 2 (s )
S R A AT A 5 R (5) AL 2 4.

2 Drinfeld-Sokolov-Satsuma-Hirota

7T RV

X} DSSH J7 . i CK iR HFR 2946 4



%3

A3 . % AR MRS Drinfeld-Sokolov-Satsuma-Hirota J5 2 () % FR 211k 207

RUAR 5 SRR Bl i 25 SR B AT

a. AJ LA Gk, X F K 4y i B AR TE R
KK uCe,t)=ale,t)+Ple, ) wlzCe, )
121k s R e T B s 2 (1) 2 40 R I8 = 6 ik
R4

ju(’x,t) = ay (e, t) + B, ) P(z(x, 1)

Lo ) = @G t) + By, Qs )
Aiarsans BBy UM 2, ) ZET x. t R
FEREGP(2), Q)R T 2 WM e

b. K (DOARAZ (D) o, 815 3 G 25 55 4 B
P(2), Q(2) MY RFIR S H A By Btk A7 3 F A 24
133

B1zP” + (381,22 + 3z.2.) P +

(Bizy — 6a1B12, + 3B1wis + 3Breke +

Bz P = 6B, B1.P? + (B, — 6 a1 B —

6a1.P1 + Prw) P — 6572.PP" —

65:.Q — 68,2.Q" + (ay —

araie Qe — 6az.) =0 (8)

Bi23 Q" + (= 6B8,2% — 6B,2,2.)Q" +

(Byzy = 6Bouuzs — 6Bz — 2B 20 +

6 ai1P2.)Q" + (Boy — 2Ps + 621820 Q +

651 azP + 68,5..PQ + 65, 2.PQ" +

Cazt = 2 @z + 6 a1 a2.) = 0 €))

o WHHMERE RERD ¢ (2, ). ¥
P(2),Q(2) RHAH FEMREME R ¢(x, T,
(O e, T 2 2 I sREL

FEX B 43 5 UL B e By 3 T PT ) R OA
Bizd Il QVHI RS — 2B, 23 A R FLVE & %, ) n]
5%
3Bz + 3220 = P3N
Bizy — 6a1 Bz, + 3Praz. +
3Brzw + Przw. = Bi1230
— 68,81 = B2l
By = 6a1 By = 6ar Py + B = B2, (10)
- 6Pz, = B123Ts
— 6P, = BT
- 6Pz, = B2y
ait — araie * @i — 6aze = BT
K T BT 2 YT E KA it 7 8 &0
— BB T (O5e Rk T ().

= 6By.2% — 6Brz.2. = — 28,20 )
Byzy = 6Bt = 6Bouzie = 2220 +

6a1Poz. =~ 28,230,

Bai = 2Pouee + 6a1 B = — 28,2305
6810z == 2B, 250,

68,85, =~ 28,2305

68182, == 2P, 230

@z~ 2azue + 6araz. == 2B:250
AP Q0 BRT 2 BTG E KA

TERE FRIAE a1sazs BB Fl 2 B FEAR R —
FBeE O HLA A D7 ¥ A LB $2 T . T DSSH Jy
e ALV 54 B i AN

Ao 1 %al(w’t)ﬁ‘ﬁﬁ/;ﬁal:(Xl()(w’t)—i_
BrCa, )z (s ) IR Q) =045 T4E
/Eil:ﬁ% w(2)—>w(z) —N());

o 2 %az(xvt)ﬁ*ﬁﬁ/;ﬁaz:0120(9Cst)+
By Cas )2 (2 (s 1)) AL Q (2)=0H1 5 F4E
@I}ﬁ w(Z)éw(Z)_Q(Z));

MW 3 B (o, O HEATE B =By (s ).
QCzCe, ) IPLE QH=1GEY TAEAH: w(2)
—>w(2)/0(2));

M4 2B (e, OBATE B, = By (au ).
QCz (e, ) IBAI QO=1GIYFIEEH w(2)
—>w(2)/0Q(2));

MU S zCae, DM 2(2) = 2 (e, t)
B IR Q(2) = FIY FAEAER :—>Q -
1(z)).

I REIE 2. BARIBUETE O

a. 4z, =0 ARG EARBN 5 A, 2 2R
KTt BRREGE 2= 1. P(2), Qa) Wl H K
Tt BGRB8 — B o O R i 24 s
. NI RFIE 2. 720 B DOL.

b, MG Eik 5 ASHLIL Y 2, 0 WL fET7 R
(10) 1 H1 P” 1 PP i 18 19 2 40T S

an

- 6B%Zx = ﬂl 23T (12)
it — LA 153
Bl == %zifks
PRI 1 FHRR DN 3 7] 1
By = 2% (13)

1% By =22 AN Bii = 6a1 B = 6ar P + Brow =
Bl 23Ty H . 1593

Baw _ _ l
Z. - 12zal—‘4




208 TR 22 R

2017 4 55 39 %

Fh RIS W]
Q(z) = Jexp(- T12JF4d2>dz = 0(tw + o(t)

FRd M 5 w155 2 A M
z =0+ o) 14)
AR A3) AR
By = 2% = 6° (15)
TP By = 0> IRA TR — 68,2, = Bi 230 1, 3 HLA
FH_ESRRN 4., AT 15
B, = 6 (16)
TR 681 aze = — 2P 235 Qq s A 1%

a 27%63(2696 L C(CNEED

1 EIRAL 2., (8 T 755
a; = 0 C =0 amn
DL
a1 =0 (18
5{%;?&04)’\’(18)1%/\75*%1 2 —6a1 Pz, T3Pz, +
3Brizwe + Przwe = Prail 015

x93+ % - pr, (19)

NHAR z=0Daxc+o(t) , FRAD LN EXLT
MLkt B I T, AR

I, = Az + B
A, A F1 B AR R R L. A

3 , _ .40, do
PAGxe +6) + B) %dt+dt
Feds Bl R o R I
d0 _ pp
dt Af Q0
do _ 3
i 0°(As + B) )]

AH:A=A;B=B;A HB# &
PHIL 1528 T AL A& DSSH J7 F2 1 X R 2
1h
u = FPPz),v = 0"'Q(2) (22)
W R TR (20) ~ C2ORAFT (D, A 15
P” + (-6P + Az + BYP' + 2AP = 0
, (23)
-2Q" + (6P + Az + B)Q' +4AQ =0
FEF Sk 2 B 5 1 (23) HY AN ) H B B
a. M A=0Mm, A 153
0 = cis0 = Beit + ¢,
Krfers e BALEHEL
DSSH 75 B0 PR 2948
u = ciP(z),v = ¢1Q(2)

2 = cix + Beit + ¢y
JIe st I 7 R (D B 294k 7 1
P’ +(-6P+BP =0
{—ZQ”/+ 6P+ B)Q =0
HHr,P”+ (- 6P+ B)P' =0 (1 i 5 F 4,
Bk
pP=+ J 9P7 — BP? — 9K, P + 2K, (25)

A, e, RHEL

b. 24 A0 W, i 5 2 (200 F1(21) , 43 5 Af
53
0 =— BAt — ) b.g :—g + e, (3At — ¢)F
ﬁq:',Cl,Cz %ﬁﬁ

DSSH 2R XFR 2510 H
w = (3At — ¢) T P(2),v = (3At — ¢1) T Q(2)

24)

z =— (3At - C1)7%(9C - Cz) -

AL, P(2), Q) I O HE.

XTLA L CK B A4S 2R AL 2 A0 E i 2 i
A4 fEREIE AT 3 28 R4 S 1 I AR Bl 294k
T 4 2= 3 A8 4 v, 25 Drinfeld-Sokolov-Satsuma-
Hirota J7 #4284 HAT AR 1

B
A

=+ e X, tou,v)

Jt t+eTCe,t,usv)

lu =u+eUCe.t,u,v)
v=v+eV(ix,t,u,v)

WA 5 2, P(2) LA Q () BESIE I 5K LA T

FROE T2

da _ dt _
X(Wat’uav) T(xvtsuyv)
du _ dv

UCest,u,v)  V(x,t,u,v)
53,
TEG AN FR P B S T
w—>u+te(UCx,t,u,v) — X(x, tou,v)uU, —
T(x,t,u,u) =u+ es"
v—>v+e(V(ix,t,u,v) - X, t,u,v)v, —
T(x,t,u,vv,) =v+ e’
XH{s",5"}+& Drinfeld-Sokolov-Satsuma-Hirota J5
FRXIFR T FER A
ot + 604U — 66" U, + ol — 605 =0
{a}" — 26%: T o"v, +66ju =0

FE T CK PRk (22) AT B

(26)



34 LRFIFT L 25 A MEER 4 Drinfeld-Sokolov-Satsuma-Hirota J5 #& (%6 #1214k 209
R Rz 2 [ 2] MATVEEV V B,SALLE M A. Darboux transformations
S2hE F L B E R AR (14) AT £ ] and solitons[ M |. Berlin: Springer,1991.
dx X(eotsu,v) . Ox+o [ 3] HIROTA R. The direct method in soliton theory[ M].
dt TCe,t,u,v) 0 Cambridge : Cambridge University Press,2004.
il [4] ABLOWITZ M J,CLARKSON P A. Solitons, nonlinear
0 + o evolution equations and inverse scattering [ M ].
XCwstou,v) == TT( Tyt v) Cambridge ;: Cambridge University Press,1992.
FEEMI . w=0°P(2),v=0'Q(z)n[ [ 5] BLUMAN G W,KUMEI S. Symmetries and differential
5.5 equations; applied mathematical sciences[ M |. New
du UCeatru.v) 20 York: Springer, 1989.
dt ~ T(x.t.u.v) 6 [ 6] OLVER P J.Applications of Lie groups to differential
dv _ V(xst,u.v) _ 40"y equations: graduate texts in mathematics [ M ]. New
dt T(x.t,u.v) ] York: Springer,1993.
Hp [ 7] OVSIANNIKOV L V. Group analysis of differential
20'u equations| M ]. New York:Academic Press,1982.
Ulw,tru,v) = = =T, thu,v) [87 IBRAGIMOV N H.CRC handbook of Lie group analysis
40" of differential equations, volume I[ M]. Boca Raton:
Vix,t,u,v) = TT(x,t,u,v) CRC Press. 1993.
W TR FR AL EA T IER. [ 9] IBRAGIMOV N H. CRC handbook of Lie group analysis
pt U W, w, of differential equations, volume II[ M]. Boca Raton:
o(w,t,u,v) = 5" = (V)_X{vv =T v, = CRC Press, 1994.
, , , [10] IBRAGIMOV N H. CRC handbook of Lie group analysis
T(20u + w2+ o u., — Ou, _ . ;
= , , , ] Q27 of differential equations, volume III[ M]. Boca Raton:
0140 + 0'v.w + o'v. = Ov, CRC Press, 1995.
rifBi [11] ADEMK R. KHALIQUE C M. Exact solutions and
dT =—3A0°T,T = T(t) conservation laws of a (2 + 1)-dimensional nonlinear
dt KP-BBM equation[ J ]. Abstract and Applied Analysis.
B A0 B T=0% 5 A=01 T=1,27K 2013,2013791863.
909 o 2 (26) g, BRI i CK B3R 15 1) [12] DRINFELD VG, SOKOLOV V V. Equations of
L2 Akt v 20 LR G R Rk A Korteweg-de Vries type and simple Lie algebras[]J].
DokladyAkademiiNauk SSSR, 1981,258:11 — 16.
3 g:él: -L/l,: 5 EE [13] SATSUMA J,HIROTA R. A coupled KdV equation is
one case of the four-reduction of the KP hierarchy[ J].
EHEALET CK Bk im0 5 F i Ho A Journal of the Physical Society of Japan, 1982, 51
B I Bk 45 B8, 3F i A F Drinfeld-Sokolov- (1093390 = 3397.
] [14] GURSES M, KARASU A. Integrable KdV systems:
Satsuma-Hirota 75, 15 ] T 77 B2 9 X F) 246 LA I . .
recursion operators of degree four[ ] ]. Physics Letters
HABRUE. 5350, teik T CK ik M R vk A.1999.251(4) 247 — 249.
b gs A, AT A CK BRI 45 SR ] DUIE S &g [15] WAZWAZ AM. The Cole-Hopf transformation and
ZERER I ZE AL, BV Fh 5 75 SR A5 i 45 2 v DL B AR AR multiple soliton solutions for the integrable sixth-order
. ey -3 AR HY ) I sk oy R B 2tk A SRl Drinfeld-Sokolov-Satsuma-Hirota equation[ J]. Applied
EA G E A —. Mathematics and Computation, 2009, 207 (1)
248 — 255.
SEH: [16] CLARKSON P A, KRUSKAL M D. New similarity

[ 1] CHENY.YAN Z Y. The Weierstrass elliptic function
expansion method and its applications in nonlinear
wave equations[ ] |. Chaos, Solitons & Fractals, 2006,
29(4) :948 - 964.

reductions of the Boussinesq equation[ ] ]. Journal of
Mathematical Physics,1989,30(10) ;2201 — 2213.
CR#46 254 70



254 TR 22 R

2017 4 55 39 %

4 EERIE

3 3 AT A AN AL A 3 A W RE S 2L A5 B TR
PREATAEC FISECT 25 A RAF RN RBOTHA A
L GO EGE RAEAT AT 45 SRR AR 22 8N
BT Seni R ali % 58 AT 5 — S50 W EE i o L A
SCH AR AT BT SEER A & e TSP
JOLFL e A A 3 1 2 R SR A R HERR M L ELR Y
FEISEINT . Zead M Wl T — PR R 22T S5 b AL
PURLAIBT L WIBE (1) %A (Hf5 201710232572. 6) 1%
LR P 7 i A T A A 245 SR R B 305 FE P TR

S 3k

(1] e AR E E 550 & S g o Jm , th
FIREAL T Z: 51 2. GB/T 17587. 4 — 2008 7R Bk 24
FLE 55 4 F0 55 ey W EELS . At . v ERR v i
#1.,2009.

JAROSCH P. Zur Lebensdauerprognose zyklisch hoch
belasteter Kugelgewindetriebe [ M ]. Buch: Shaker
Verlag.2008.

[2]

[3]

[4]

[5]

L6]

[7]

L8]

L9]

[10]

BARH - RIR AL R ot v 5 D0 B2 D37 AR SELT . Bl
PR3 E - 2011,39(10) : 112 - 114.
BARH . RIR LKL RN 1) 173 W BE A4 0 A LT 1. AL R
F£,2015,37(5):930 — 934.
TR . TR TR 22 AT @ A 1o B B e 43 BT SO e - &
TFAEBIFELD]. B at: B HUH TR, 2014.
MESSAGER T,CARTRAUD P. Homogenization of helical
beam-like structures: application to single-walled carbon
nanotubes| J ]. Computational Mechanics, 2008,41(2) ;
335 — 346.
DADALAU A, MOTTAHEDI M, GROH K, et al.
Parametric modeling of ball screw spindles [ ] ].
Production Engineering,2010,4(6) :625 — 631.
ANSYS Inc. PDF documentation for release 15.0[ DB/
OL]. [2016 — 08 — 297]. 148. 204. 81. 206/ANSYS/
readme. html.
Bosch Rexroth Inc. Precision ball screw assemblies
R310EN 3301 [ DB/OL]. [2008 — 07 — 01]. http: //
www. rexroth-kbh. com/pdf/BALLSCREW. pdf.
AITCHISON J, BROWN J A C. The lognormal
distribution[ M |. Cambridgeshire : CUP Archive,1976.
i1 BO

B BB DA DA D DA DA DA DA DA DL DA DA DL DA DA DA DA DA DA DA DA DA DA DA DA DL DA DA DA DA DA DA DA DA DA DA DA DA DA DA DA DA DD

45 209 170

[17] CLARKSON P A. New similarity solutions for the
modified Boussinesq equation[J]. Journal of Physics
A. Mathematical 1989, 22 (13):
2355 — 2367.

CLARKSON P A. New

Painlevé analysis for the symmetric regularised long

and General,

[18] similarity reductions and
wave and modified Benjamin-Bona-Mahoney equations
[J].Journal of Physics A: Mathematical and General,
1989,22(18) 3821 — 3848.

CLARKSONPA, LUDLOW D K.

reductions. exact solutions,and Painlevé analysis for a

[19] Symmetry
generalized Boussinesq equation [ J ]. Journal of
Mathematical Analysis and Applications,1994,186(1) .
132 - 155.

CLARKSON P A. Nonclassical symmetry reductions of
the Boussinesq equation [ J |. Chaos, Solitons &

[20]

[21]

[22]

[23]

[24]

Fractals,1995,5(12) : 2261 — 2301.
CLARKSON P A,MANSFIELD E L,PRIESTLEY T J.
Symmetries of a class of nonlinear third-order partial
differential equations[ J ]. Mathematical and Computer
Modelling,1997,25(8/9) : 195 — 212.
BLUMAN G W, COLE J D. Similarity methods for
differential equations: applied mathematical sciences
[M].New York: Springer,1974.
MAN ]. Similarity reductions and Painlevé property of
coupled KdV equations [ J |]. Communications in
Theoretical Physics,2008,49(2) 275 — 280.
ADEM K R, KHALIQUEC M. On the solutions and
conservation laws of the coupled Drinfeld-Sokolov-
Satsuma-Hirotasystem[ J ]. Boundary Value Problems,
2014,2014.248.

€ LS D)



