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Accelerating Projection Algorithm for Pseudomonotone
Equilibrium Problems
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Abstract. Several algorithms for solving equilibrium problems were introduced. Aiming at the
problem that the convergence proof should be under the Lipschitz continuity condition, an
accelerating projection algorithm was proposed. The algorithm adopts the auxiliary problem
principle and the Armijo-type line-search technique to get an estimate point. According to the
estimate point, a hyperplane was constructed. Through selecting an appropriate step length and
reducing the projection domain, the sequence generated by the algorithm gained a fast speed
constringency, which realizes the purpose of accelerating the projection. Finally, under some
suitable conditions (without Lipschitz-type continuous condition) , the global convergence of the
sequence was proved.

Keywords: equilibrium problem; accelerating projection algorithm; Armijo-type line-
search ; pseudomonotone

R EHE: 2016 - 12— 22

BEL£WME: LB ARSI H (14ZR1429200) ; [T BZ00 315 H (15Z2Z073)

F—1EE: XFKEA993 ), L WA R TT ] R 5 4 A B4 a) . E-mail : wsliuww(@163. com
BISEE: wWIEA973 - ) Lo, Bz W57 Il itk R RE B R X407 [m] 282 . E-mail . jgdyz(@163. com



%61

X525 L 45 - Oy R B D Y — Fef i B R 5 ik 577

1 EBAYEREH

Hyffgin) i EP(f, OOP g G A o € CL ffixd
Vy€ C, PR ML
flx ) =0 (D
K. Ce R B M, f: CX C>R y—4
XUEE PR BPXT Y € C, f (e ) = 0 fH AL
X flae,y) =(F(x),y—x),Hp,F.C>R"
F—AELE BB R 4 EP (f, C) §hEE AL B AS 43 A
X VICF, O, i34k 8 " € C.flixtVye
C, FHASFERAT -
(F(x"),y—x)=0 (2)
WA, f 8L, F sl g f XFa € C2hH
PR F KT ot € C 2 thfiing.
EP(f.COFE s J3T 37 . 28 0 38 i 48 5% T N 4%
G ERA T IZ YRR EP(f OO
BT =28 a RN EE 1% 05 % i Martinet'®) $2
I RN TESR i VICF, C), J5 3k Moudafi™ £
(8543 A R N N7 N S A= R | | P 2
EP(f,C);b. gap pREE™ , R LT Y gap bR
Bl EP (f . O ¥ 40 0 Se o 1) 8, {HE: 503 ik
SRR AR f SR B AYSER b s c. Bl B ) AR B 3
Cohen™ #2H1 x* € C R EP(f, O)W—"M#, 4 HAL
o€ C R n)

min{eifGe o)+ 5 |y - | ly€C

AIME — i, Horp, ¢ >0, (H X % f s B H
Lipschitz % %%, b 5 » Antipin™* 78 Sk [9 ]9 L il
b AR UGEE BRI — AN M B T —F
S AR R AN

2 e C
{y" = argmin{ ¢, f(x*. ) + D",y |y € C}
"% = argmin{ ef (y* ) + D" |y € C)
;D J& Bregman B B3 sk C 2 — A2 M4,

AR T f BB, Stk d s A f
Ph i H. Lipschitz i 252 (1) 3L At 1.

AR SCAE B F 4 Bh [a) B B vk, 45 4 Solodov
AU SR A AR Ay A A S e B B L B
FH Armijo BUZEHH 2, 0 1k i 45 52 DX, 1 g 0K i
R 25 SR W 0T Y A () RO it AE f O B O i 4k
(4F Lipschitz i £2) i 1 #& T, ik W] 1 583 19 Ik
S

2 WEFIR

EX 1T WCOER",.[:CXxC>RU{ + oo} &M
HpRER,

a #FAfYa,ye C, 30=>0, 1% f(x, y) +
fly.oo<-p [e-y*. MF f7EC FERP
P

b. ZXYa,y€ C,f(x,y)+ fly,x)<0,N]
PR f7EC L2 iny.

c. ZAfYa.yelC,fle,y=0=f(y,x)<0,
WFR f7EC ERhPaE ).

Bk, (1H=>(2)=>(3).

EX 2 HHTEIERE ey e ffifF fa,y) +
fy.or=f(es) —e ey ll?—clly—2 1[0
¥ f 78 C | Lipschitz #%z.

EX3 W XCSR",{HKE f: X—>R,

a A Ye,yeX,Vae[0,1],8 fQu +
(1= p<<max{f(x), fO}, W f(x) N X F
AL R

b, EXY w.y€ XAV Cy) .o~ y)=0 4K
fCoOZFCy) B [ <fOAMVIy),
= ) <0,JUFR fCa) X EREh™ pR%L.

EX 4 XtVYee C.of(z.2)F R MR
fCay o OTE 2 REBRBEEE , Hor 0, f (2 ) W
azf(Z»Z):

{w € R": f(z,y) = fz, ) w,y — 22V Yy} =
{w € R": f(z2,y) =<w-y— 2>V Y}.

SIFE 17 % Po(« )2 C _LAYESE ML, ]

a [Peo)-Pc(p [<[e-yl .Va.ye
R";

b. || PeCa) = Pe(y) [ *<(Pc(a) = Pe(y).
=y ,Va,ycR";

c. (- PeCx),y—Pc(y))<0,Vyc
C,xeR";

d [PeCo -y’ ax-yll*= [ PcCx)—
xll*,YyeC,e€R";

e. [|PcC)=Pcy [[*<<|x—y|* | PcCa) -
xty—Pc(yp[*Va.yeR".

SIE 2% & f(a.y) KT y /& Gateaux AJ ff
Ay QR xS EPCF, ORfg B f(x” ) =0, Y y€
C ) o R4 ARG ("), y — " ) =0,
Yye CHfg, i, G () =af, (e ). FE—2, 10
RXFEAS € C, f (s y) KTy 20N By, 3



578 TR

2017 4 55 39 %

3 MmEFFEE

FET R A RIS A BB S 5K g A P 3 4
[B) R P — b IR 4% R A AR I B A A R s
JH Armijo B R 15 2| — Ak 25T LA i —
AR 2008 0 38 Y e B AD RN 85
A5 5L 7 AL 10 Py A1) PR e S5 B 8 AR IR

i1

$BO
o€ <0,£>.

WG o' € Co% B>0, 7€ (0.1),

2

B iE
Jyk = argmm{f(ﬁc ,?/)+ | y-af|?:yeC
lrk = ph = yk
A zh =k =yt oo, my S

(2 fzF, 2",y =06 | "] *

/MR

B2 " =Pepu, [2F —akF (2],

;H\:E'J’Hk: {xeR”|<F(Zk),x—z">:0}’alk:
(F(z"),xr =25 o .
IFGh e FeD 2 f(zh,zh).

PB3 L hk=k+1,i

4 WSS

1 SOL (f, C) Fon il EP (f, C) R fif4E
HiSCHERL14 ], #7 f &L, W SOL (f, C) W&
G [N, W SOL (f, C)2imEE. 8 T
TERASA T 1 S SO, 1 e T R

Al fAEC EhE;

A2 flu,ydE CX C ERESE U™ s H.
KTy 2, 0uf (s o) C 2 RS

R E F R & AT AL, SOL (f.C) J& — 4~ 1]
M.

EE1 et o RmdmBEE 1 - ENEN
AL 457 rF =00 «*€ SOL (f,C).

A& (] 2 R

IEBR MRBE rF =000 «f & min{ f(xf,y) +

Sy w2 yeclmmmz.

0€ df(x,xe)+ No(ah)
Hp, Ne () 2 Zhiyahgemréfe. Rk, A

(e -2y =0,V e C &))
Hif, ot € of (e BT f(aboy®) &M K
2,0
flef ey - flar et =
(w*yx—a", Yo e C @Y
ZEGMA D, AR, fxhat) =0,7
P flaf o) =0 X Vo€ C # 7, Bl af J&
EP(f,C)RYyfi#.
2 5 rF£0, MRV k=0, R U8
my R f (228 r ) =a [Ir" [ 2 BT
ERR R f(2F. 28 ) rk) — o |[rh || 2<C0. |/
HF ek = ymerky ok — y*) — 6 ||r* || 2<C0, H N,
7€ (0,1),24 m—>oo, B R AR 4 £ (s y) I IESE

P AT DRI (), ak — ') — 6 || rF || 2<20.
57 2. 1
Flet g+ ol rt)2=0 (5)
537 By min | £ty + Dy

fak ,y)+ 'y —a[|? = fer y*H+

ﬁuw—xW%Vyec
Moy =t B,
f<oc’“»y’f>+§ [ r*1*<<0 (6)

ARG RRE) M o | 1 =1 | v ] 2.

P AR AR (6) B | || =0 B o=
Dk SRR U LA B R L.

Bl 3 % af (o) = Pe(af—aF (y*)),
¢rCa) = 2a (F (2F), af — zF) + || aft -
(xF=aF (2" 2= ) | FC2*) || %, ]
Pcela® = aiF (y*)]= Pean, [*" = akF (y*) ]
KA, o BPREL P Ca) PR RAERT 1 o {H.

EE 3 1FxllfTCLﬁJ$IFJELx*
SOL(f,C) S 1P A M E o { ak ) a0 2

Sl e [ 2 ok e ]| 2 fZ(Z )

[t = |2 <ok — ™ | [FGEH ]2 D

IERR B o T RAKD L, AT AR
|kt~ |2 =

| PcmHk[xk — a2 ]= |



%61

X525 L 45 - Oy R B D Y — Fef i B R 5 ik 579

g EE 1 Fng 3 3 A
bt = 2= | Pola - afPGHT- 2 |2 <
[ xf =" = adF 5 [[2 = o™ -
(xF = odF (") |12 <
|k =" [|% = 2a5(F(zF),ar = 2%) +
(i) | F(z*) ||* -
H xlﬁ-l _ (xl\ _ G(%(F(z}\)) H 2
[k — a2~ ¢rad)
Horr 55 1 SARSE Ul 513 1453, 55
PHERE SR 2. AR 51 3 3, n] 15
[t = 2 [ 2f -t |2 -
O Cat) <[ —n" ||? 22l (FF)nh = )+
(al)? [ FGO 12 [ af =2 % -

2 AR

1 k k _ ok fZ(Zk,&‘k):
2ak<F(Z ),OC z >+7” F(zk)HZ

koo 2 SRR )
b G T
B4 B FAHEC EHHHBRAH " €

SOL(f,C) M g1 5%k 1 77 A 1y )3 51 { *
{2 )50l 2
lkmm13|| b —2F| =0

MERR  fEHL « € SOL (f,C), EE%}EST%H,
Fea) || ak — ot | RN A L B 2 o A
S, b | e = at [2mom
oot = ]2 = et —ar [2—0. Bk,
lim f(2*,2*)—0, Bfllim <F(z"),oc"—zk>—>0.

D R N TR B Al AL R £ | BP R R
yre(xt =yt BAR, Hﬂ%ﬂﬁlﬂﬂf‘iﬁﬂa M ko0
s lim (| 2® =" =0 BrEL Lim || 2 =2 ] =0.

EES i SELATHGLE C EOARIE,
BE L AR R A (ot goo 2 RS (D
PR A A 1) R i

R B, A 1 RS e s
— AN FSUT I {2k %o AU F RS L
B — ST 5 (w50, H 2§ > ol

{achs }f}”:o»ac.lﬁ\:l,yrp |k =y" [ =0,57h, Y

br=o I

A
/ 0.

J>oolif, { "}
f(ﬂc’ff,y>+gll y—ahi || =
fatiytin+ o Hl//—owH»VyEC

S
fGap+Ly-21 =

f(x,x)+ B [ v - .LH YyeC
%j,XU‘V:)cGC,f(x,x)Z TH ST BT LA
fGap+ Sy =21 =0
DRI A5 e 2 (L) v b o4 B 6 ] B 1 — .
P (D g e BT xR LT L A5 5 )

Ok = || el XN, || o = 2 || 0, 1L,
LEIASIIE.
5 % it

T PRCHE B DXL 45 M TSR A DR BRI X A )
%ﬁﬂ@~ﬁﬁﬂﬁ?&m/;’%{z§, A DA SR AT
ANEESR WU AL f J& Lipschitz #2210 HAE DA
¥ R L&

S 3k

[ 1] GIANNESSI F, MAUGERI A, PARDALOS P M.
Equilibrium problems: nonsmooth optimization and
variational inequality models [ M ]. Boston. MA;
Springer,2001.

[ 2] OLIVEIRA HAE JR. Coalition formation feasibility
and Nash-Cournot equilibrium problems in electricity
markets: a Fuzzy ASA approach [ J ]. Applied Soft
Computing,2015,35:1 - 12.

[ 3] HO W,WONG S C,YING L B. Sequential optimization
aproach for the mulit-class user equilibrium problem in
continus transportation system [ J ]. Journal of
Advanced Transportation,2010,38(3) :323 — 345.

[ 4] BOGDAN M. Applications of parametric abstract
equilibrium problems in economics [ J ]. Procedia
Economics and Finance,2012,3:99 — 104.

[5] DECEAJ, FERNANDEZ J E, V. DEKOCK, et al.
Solving network equilibrium problems on multimodal
urban transportation networks with multiple user
classes[ J . Transport Reviews, 2005, 25 (3): 293 —
317.

[ 6 ] MARTINET B. Regularization d’inéquations variationnelles
par approximations successives [ J |. Rev Fr Inform
Rech Opér,1970,4(3) :154 — 159.

[ 7] MOUDAFI A. Proximal point algorithm extended to
equilibrium problems [ J ]. Journal of Natural
Geometry,1997,15(1/2) :91 — 100.

CT ¥ 585 1)



%61

EHF-L 55 T Neo-Hookean AR Y A A5 5 81417 7 2741 BRI 1L A7 585

(5]

(6]

L7]

(8]

[9]

[10]

[11]

[12]

SULTAN S, MARLER T. Multi-scale predictive human
model for preventing injuries in the ankle and knee[] ].
Procedia Manufacturing, 2015,3.:3767 — 3774.

DOBLARE M, CUETO E, CALVO B, et al. On the employ
of meshless methods in biomechanics [ J |. Computer
Methods in Applied Mechanics and Engineering,2005,194
(6/7/8):801 —821.

fAp N AR AR SRR 55 A [ RS T O s
AR A IR . o [ B B2 i 2015,
34(7) . 662 — 669.

WRIE , JRIE 52 . TSR e B R 25 i S R I P BB 53 A T
LT R3S b, 2005, 24(3) 1120 — 123.

HASHEMI J, CHANDRASHEKAR N, SLAUTERBECK A.
The mechanical properties of the human patellar tendon
are correlated to its mass density and are independent of
sex| J]. Clinical Biomechanics,2005,20(6) :645 — 652.
wEE ) IS R IEA . 3T Mooney-Rivlin 1 Yeoh £5
TR S AR SR R BROT A A LT ] AR BB R 5 2%
#,2008,34(12) .22 - 26.

QUNLI S, DHAHER Y. Three-dimensional hyperelastic
model of the human knee:a parametric sensitivity study
[R]. Chicago, IL, USA: Northwestern University and
Rehabhilitation Institute of Chicago,2005.

WILSON C. Nonlinear finite element analysis of an
abdominal aortic aneurysm [ D ]. Massachusetts: Tufts
University, 2008.

(L4555 579 7O

L8]

[9]

[10]

[11]

MASTROENI G. Gap
problems[ J]. Journal of Global Optimization, 2003, 27
(4):411 - 426.

COHEN G. Auxiliary problem principle extended to

functions for equilibrium

variational inequalities [ J . Journal of Optimization
Theory and Applications, 1988,59(2) 325 — 333.
ANTIPIN A S. The convergence of proximal methods
to fixed points of extremal mappings and estimates of
their rate of convergence [ J |. Computational
Mathematics and Mathematical Physics, 1995,35(5) :
539 - 551.

SOLODOV M V, SVAITER B F. A new projection
method for variational inequality problems[]J]. SIAM
Journal on Control and Optimization, 1999, 37 (3):
765 —776.

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[12]

[13]

[14]

[15]

HAUTR C,POWLISON A C,RUTHERFORD G W, et al.
Some effects of donor age and sex on the mechanical
properties of patellar tendon graft tissues[ J |. ASME Adv
Bioeng, 1988.8:75 — 78.
HAUT R C, POWLISON A C. The effects of test
environment and cyclic stretching on the failure
properties of human patellar tendons [ J ]. Journal of
Orthopaedic Research,1990,8(4) ;532 — 540.
JEVLZ T RS » S5 IR I S SR LA
PERELT]. T EH A TRV 516 R R A, 2008,12(6)
1085 — 1088.
KENNEDY J C, HAWKINS R J, WILLIS R B, et al.
Tension studies of human knee ligaments: yield point,
ultimate failure, and disruption of the cruciate and tibial
collateral ligaments [ J ]. The Journal of Bone & Joint
Surgery,1976,58(3) : 350 — 355.
JOHNSON G A, TRAMAGLINI D M, LEVINE R E,et al.
Tensile and viscoelastic properties of human patellar
tendon( J . Journal of Orthopaedic Research,1994,12(6) .
796 — 803.
FIRJEL 2, SR, ACL Al MCL R g 25 M 52 56
LT ALt AR B 2 TR, 2007, 26(3) : 316 - 317.
UL K 20 ARG 58 LB AR I
2ERHIESE IR E LT ] AR B RH,2013,33(1) : 72 - 77.
(G- T4AD

ANH P N,LE THI H A. An Armijo-type method for
pseudomonotone  equilibrium  problems and its
applications[ J ]. Journal of Global Optimization, 2013,
57(3) :803 — 820.

DG RIS 44 HotE . Nash ¥ A8/ AR X
e (] R OC & [T, & BBk 24 ik, 2005, 8 (3)
1-7.
KONNOV 1.

variational

Combined
inequalities [ J ]. Berlin Heidelberg:
Springer,2001.77 — 92.

WANG Y J,XIU N H, WANG C Y. Unified framework

of extragradient-type methods for pseudomonotone

relaxation methods for

variational inequalities [ J]. Journal of Optimization
Theory and Applications,2001,111(3) .641 — 656.
(.1 BO



