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Classification of three-dimensional real Lie algebra

HU Jianhua, LI Feifei, LIU Jing
(College of Science, University of Shanghai for Science and Technology, Shanghai 200093, China)

Abstract: The classification of three-dimensional real Lie algebra was completed according to the
properties of derivative algebras and isomorphic conditions of Lie algebra. When the dimension of
derivative algebra is 0 or 1, Lie algebra can be divided into three types, L(3,0), L(3,—1) and L(3,1),
according to the properties of Lie bracket operation and the transformation of basis. When the dimension
of derivative algebra is 2 or 3, Lie algebras can be divided into five types, L(3,2,a), L(3,3), L(3,4,¢),
L(3,5), L(3,6), according to the properties of eigenvalues of matrix corresponding to internal

derivations.
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1 AR

XY WL R F R RN, B —
MEFREEHEGE N, MVYx,yel, flxylel,
H 2

a.[A1x) + Aaxo,y] = A1 [x1,y] + A2 [x2,¥], Y1, 42 € F,
X1,X2,y € L;

b. [x,x]=0,Vx€L;

c. [x, [y, z]] + [y, [z x]] + [z, [ %, ¥]] = 0,Vx,y,z € Lo
AR L oI F 2.

EX 2 B LU, (L LR AU
&, Bl L8, el

idad x: L— LAERER S, Wi h&ERR
adx: L' — L. ad x#RHNF T,

F[E1 SMEEvyer, tr(adY)=0,

W KA, ver, fHEY, Y2€L, iy, V2]=Y,
Fir LA,

adY =ad [Y,Y2]=[ad Yy,ad Y] =
adYjadY,—-adY,ad Y tr(ad Y) =
tr(ad Yy ad Y>)—tr(ad Yoad Y,) =0

FEAY LI 2 AU, n<oo,
1 CATAFAE — A6 I, X N %) 25 1) 5 50 AH
&, WL AL R

kg 2 D28, BT SR EBUHTR]

SCHR[L3ITE MM B R gh i T —4E . —4E504
REN 3, — BB A —2K, L=spanfey},
SR AREL, W er1,e11=0, EHNLA,0), 4
SEZERELL = spanier,ex} AP, —REZHAY,
Wi [e1,e21 =0, L HLQR,0); F3—F2IETHAY,
B ler,ex]l =e1, ILHLER, 1.

IRAR A S A 2 500 ) e = 4 S 2R
TE[FIAE 3 SR By 4325 .

2 ZHEXFRYMDE

21 SREEH A O

AR LR odr, BldimL =0, W
L =span {ej,er,e3) N HEREL, [L,L1=0, W2
le1,e2]1 =0, [er,e3]1=0, [eze3]=0, it NL(3,0).

FF BN V4, Bidim L =1, WIFF7E
EEITLEX e, 5L =span {X1}. $ X3 5K ML
LB — 4 3 (X1, X0, X3}, W A7 7R 28 F 18
a,b,c e R{f

[X1,Xa] = aX1,[X1,X3] = bX1,[X2, X3] = X

Ri%a#0, Wik —HF B He =X1,e0= éxz,
e3=aXs—bXo+cXi, W A [er,ex]=e1, [e1,e3]1=0,
le2,e31 =0, ZZARETT LLFE W 2= 50 B M
L2, HeL1,0), I HLAE,-1). Hb+00, 54
XM X3, it AT LIS B A R 22048k, #c#0,
a=b=0, % e1=X, e2=X3,e3=cX;, W [e1,e2] =
e3, ler,e3] =0, [e2,e3]1=0, i 12 1% 1E H 124K
HadALG, 1),
22 BSR¥%EHAS 2

A PARE LR 2 4, Bldim L' =2, #4931
—H 5 rZy, ¥ RRLH—HIEX Y Z) ’(NZ]=
aY+pZ,a,feR, ZEadY: L' > L, adZ:L' - L
TERE(Y, Z) T (6

(ad Y){Kz}z( 8 p ) (ad Z)yz) =( - g )

g3 1 AL, B=0, a=0, FFLL, AV,Z]1=0,
WX, Y1#0, [X,Z1#0, HIt, adX: L — L' H[FEH
WL, Blad XJ2 RT3 0, HAREE LA BE, Hi
43 3 FEHLTIE

a. ad XA 2 AR B SEFEAE

BE Ay, gt ad X9 2 AN [A) 09 SE R AE AR, U
ad X 7ESZH0U8 % f4k,

A 0
(adX){Y,Z}N( 01 /12)

J—[j[:’ EL’EPZ?H‘:—éH%{EI,eZ}’ 1@1%3(1){@1:
[X,e1]=A1e1, ad X e = [X,e2] = rer, [er,e2] =00 2>

1
€3=—/1—X, WA [e1,e21 =0, [er,esl=er, [ere3]l=
1

%820 Aa= j—? a#0, WHle,e2] =0, [e1,e3] = e,
lea,e3] = aer o KiiH5 R MIE B ABCELE ML G3,2,0) .
R 1 4L (3,2,0) FIL(3,2,a)[ElHE

IR e = a'lia = .
JEBR Rﬁ%ﬁEL(&z,a)sL(&z,I)E@‘%VRO 5a

a
1 N NHe
L(3,2, ;)B"J%jﬂ{ebez,%} , Wi [e1,e2]1 =0, [e1,e3] =

e1, [ez,e3] = éez, a#0, MW —HHFE: e =e,
er' = ey, e3’ =xes, WAH[e,ex’]1=0, [er,e3']=er,
lex),e3']=aer’, BPL(3,2,a) EL(?’,Zé)o JiLA, L(3,2,a)
Hra LR R0 < Jal < 1.

b. ad XA 1 NEECH 2 BIIRHE(E

Bk ad X P EHCH 2 SERFIE(E A, #rad X AT
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xtfate, B
(adX)mZ] ~( :)l 3 )

W fE L b f7 A — 2 S {er,en), HifHadX e =
[X.ei]=21e;, adX-er=[X,e2]=Aes, [e1,e2] =0 %
€3 =—%X, WA [e1,e2] =0, [e1,e3] = e1, [e2,e3] = €2,
BIL3,2,1), FrLL, ZZEL c L(3.2,0).

#rad X AT X Afl, BR

1 1
(adX)mZ] ~( 0 1 )

WUk, fF7E—4Hle,e), HifHadX e =[X,e1]=
de;, adX-er=[X,ex] =e; +dex, [e1,e2]=0o Bes’ =
—%X, el/=%317621=629 A ler,e2']1=0, [er,e3'] =
el’, lex es'l=er’ +er, Bl B iz B A 2B E0C
AML@3,3),

c.ad XA 2 N EILHURHAE(E

PRI Sy 5 22 10 5 ) R AR R B0 o0 B, iad X
() 2 A5 FEPERRAEME 2 B A, 4, Wad X 76 52 0k
LR A, A

A 0

W, 17 7 eerel’, i 13 (ad X)(es +ier) =
Aler +ier)o ZA=a+ib, a,beR, b#0, ANjika,blF]
S, AN, BT, R, (ad X)(ep +iex) =ad X - e+
iad X-ep, 3 H B A(es +ier) = aej —bes +i(aes + bey),
AT, 18%]ad X-e =ae; —bes, ad X-ey = bej +aers

1 1 1
/7"\ X = ZX, U!'J ﬁ adZX~61 = gel—eg,adl—)X-egz
R 1
er+en M —HHHIE, Se=—2X, c=7.,

c>0, WA le,ea] =0, [e1,e3] = cer — e, [e2,e3] = €1+
cey, Pl s B2 N L3, 4,0)0

W2 BRELG40=L3,4,¢), HHMY
c=cs

TEOL ¢ o 2RE5 R 53 B U x ook .

WXL Y, ZPE LI — A, WadX,: L' > LN
R, & LHAERES —HEX.YZ), X =
KX\ +1Y+mZ, W 4 adX,=kad X;+/ad Y +mad Z,
B, fadXalpy =kad Xy, ENTAVRHE(EAAH2Z

km,mﬁmxﬁ#%w,%ﬁwHM=%ﬂ%
ﬁcq:a@czgx/;z, 15 B b P 456 5 R
%9&0

W A=a+ib, a,bBIFFS M, 20

L(3.,4,-¢), c<0, I, LB.4,—c)=L3.4.0)

X W ad X HRETEE B LT3 ffk, 784U
EARREXS AL, DATTE SEEUE L 3,2, 0) AR T
LB4c) MEZHM L, X TFHEM, A
L(@3,4,c) = L(3,2,g)o 2 e’ = e +iey, er) = ey —iey,

c+i
LA e e2'1=0, [e),e3'] =€y,

c—1i s
L Y
c+1

ey’ = —e3,
[ea’,e3'] =Qe2’o B TceR, H
c+1
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LR REC LR 3, Bidim L =3, BUL K
— 4l xy,zy, Wl , dmL =3, FLL,
XY LIX,Z LY, Z T . By, B—A 3k
JTCEWMM 2K, L, adX,adY ,ad Z/0I 7k K2,
MIMAHMEEH e L, W3 Tad HIFN 2 4,

BIE 2 & 34 L SRBAEECN 3,
trad HA 2 DSEFHEE, WA ER e L, 15
ad H'A AEFRFIFE

B Arad HAAEFFHEME, 258 B R MOT .

Frad HIWFHIEE 2 RE, Wad HEFEMN,
BIfFE—HIEB  H H' H", {5

0 a b
0 0 ¢ |,ac+0
0 0 O

(ad H)p =

Blad H-H =aH = (ad H)H=—-aH, T\, HHN
ad H' Y AEZFFIE M —a Y RFAE 7] 2

a.ad HA 2 S2RHE(E

Mol 2, NUiikadHAEERMEME N,
MR AR i, Blad H-M =AM . R,
U'=L, WHer. W, Auo@dH) =0, Bl
WAFFE M S Nffif ad H-N = -AN

A 0
(adH){M,N}Z( 0 -1 )

1 Jacobi 25U AI M1, [H,[M,N]l=—-[M,[N,H]]-
[N,[H.M]1=0, X[H,H]=0, Jflk, Hker (ad H) =

s 1
span {H}, BZ[M,N]=dH,d#0. /%\M’=E,M,N’=N,

H’:%H, WA[M ,N'|=H',(M' . H'|=-M',[N’,H'|=
N'. 5% e =N,ea=H',e3=2M', W f[e1,er] = ey,
le1,e3] = —2e2,[e2,e3] = e3, K15 & %8 B 19 22 AL AL
e NLE3,5).

b. ad HA — X HLHRHEAE

Wad HI LSRR AEE N AR A, o @d H)=0
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AIFIA+A=0, HANLEEE ., KA=mim#0eRH
AYitkm>0, WHELEM+IN, {fiad H)(M+iN) =
im(M+iN), Bl [H,M+iN]=-mN +imM = [H, M)+
i[H,N], W, H[HNl=mM,[H M =-mN, X
A, [M,N]eker(ad H) =span{H}, % [A{,N]:

IH,l+#0, % M =——M, N=-——N,
. ml| |ml|

!
H=—H, [M',N']=—mH', (H'.M']=N',
m

= —

[H',N'1=-M

m R >0, WAH MN=-H. % =
M -H ey=N,es=M+H, W £ [e,es] =ei,
le,e3] = —2e2, [ez,e3] = e3, HIZHHTIEH Al A%
ZREUETLGB,S),

MLl <0, MM N1=H. %ei=M,e=N,
es=H', WAhle,ex] =e3 [e1,e3] =—e2, [e2.e3] =e1,
Wi 1 1 Z s BB OE A L3, 6).

MI>0FI<0mf, HZEBU7E T X, YIS,
B A T R[] 1 2R AR, 3 2 2R ARBUTE 5
BRI R, BT B R . b by
M iR, NN, Wi e, B
A A H R S R kPR AR A, JB T3
R

Q=N D Bl B i R 35 M=y AW O R S
HEH 2,

SEM 2 EFRMWEXT, 3L HEREAHWNT
82k

a. L.(3,0): [e1,e2] =0, [e1,e3]1=0, [e2,e3]1=0;

b.L(3,-1): [e1,e2]l =e1, [e1,e3]1=0, [e2,e3]1=0;

c. L(3,1):

d. L(3,2,a): [e1,e2]=0, le1,ezl=e1, [ez,e3]=aes,

ler,e2]=e3, [e1,e3]=0, [ez,e3]=0;

O<l|al<1;

e.L(3,3): [e1,e2]=0, [e1,e3]l=e1, [e2,e3]=e1+e2;

f.L(3.4.0): [e1,e2]=0, [e1,e3]=ce1—e2, [e2,e3]=
el +cey, ¢=0;

g L(3,5): ler,eal=er, le1,e3]="2e2, [e,e3]=e3;

h.L(3,6): [e1,e2]=e3, [e1,e3]=—€2, [e2,e3]=e15
S 2k
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