rE®E I RKFFR
Fa3E HESW J. University of Shanghai for Science and Technology Vol.43 No.5 2021

CE S 11007 — 6735(2021)05 — 0484 — 06 DOI: 10.13255/j.cnki.jusst.20210118002

TN TR EHRR T AEMIT

. 1 = 1.2
E g, KEz
1. B #2e b, Ll 200444; 2. BigdECa# e, B 201204)

HE. AT EARSERD TENEERAANTEAER T RRERIEES RZTAMA, 4
S, BGE %69 Lyapunov-Krasovkii i2%, AR EMBAEERFX, FERTRAATEAEG A&
B, BF—ANOASENRINNBAALER, EAGMBAEARATRNERLT, ZEEMHRIET 04
AGREW MR B, ok, ETXEATER Y, BdEHR SRS B2 T
MR GLA IR R AR TR SR, MG, AMEPTAE T a9 MR T A, i RAE S SR P 4540
—NEHLEERF XY ROKACFRE, B5, @it HE F 0 L PTIF 45 R a9 A 20k,

KEEIR: TR, BREA%; REBRATIEHE; TaE;, EHEEREX
hE4SES. TP271+.8 XHRFRERD: A

Reachable set estimation for discrete-time systems
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Abstract: The problem of reachable set estimation and state-feedback controller design for discrete-time
systems with time-varying delay under bounded peak disturbances was concerned. Firstly, by choosing
appropriate Lyapunov-Krasovkii functional and based on the linear matrix inequality, a sufficient
condition was obtained to bound the reachable set of closed-loop systems, that was, a delay-dependent
result containing one nonconvex scalar. When the initial value of the system was not zero, these
conditions guaranteed the existence of the ellipsoid containing the system state. Secondly, in the process
of reachable set estimation, a state-feedback controller was designed to determine ellipsoid which
contained the reachable set of the closed-loop system. Thirdly, in order to make the estimated ellipsoid
as small as possible, the minimum ellipsoid problem was transformed into an optimization problem with
matrix inequality constraints. Finally, numerical examples were given to verify the effectiveness of the
obtained results.

Keywords: time-varying delays; discrete-time system; state-feedback controller; reachable set; linear

matrix inequality

We#m H #A: 2021-01-18

ESWA: FH5 ARPHAEERIIIHE (11971303)

E—EE L 77(1995-), Lo, WEHEAE. AT m . W RSEAER] . E-mail: zhuangsu@shu.edu.cn
BEEE: AEZE(1965-), B, #H&Z. W5 Irm: Eior RS &IL8 . E-mail: yhcong@shu.edu.cn


http://dx.doi.org/10.13255/j.cnki.jusst.20210118002
mailto:zhuangsu@shu.edu.cn
mailto:yhcong@shu.edu.cn

5% 54 FE R, A A DRSS I R e AT A A T 485

AL IR Al R S — A AR R
W, RS T Z RN, ek
e P /MR BB R A PR R
HRGY, RGBT IRE A MR S %, fE
W RIR A RERESWES . WH AMNTRMER
AT IRSE RS RRAE, FTLL, 7520 E — 1 BeiS
FLE IR EE M IX B, JF oA Bk A XS AR g )8 AT
RERY/IN, X2 AT IR AR A TR

AR, ETRMEPR RS T, — I,
M T A A 4 . I dE iR 25 . etk Ak L5
Pl AL R AT R . X B A A Sl
W RS, W9 rl IR Al In) B Y f o I i 2
—URMERIAEOR, B AR A AR
WaERiA . Boyd ZM 4R, X R BR AT L A i ]
Lyapunov J5 i A P B A 45 2 (LMD $OR 3145

Ji— i, TEAFERRGE T, B SE &
e, EREETTRE SR SR E . SR H AT
TP R G A AR ST IR L. R, andar
FRFN— AT RE /Nl Tk B B R S8 AT A
EaE TR L% % 6%, Fridman %' 5% H
Lyapunov-Razumikhin 77 ¥ 58 T4 A A FHIE(E L
Bl ) IR AR I i 1 2 2 1 2R G Y AT Ok AR A T 1) A
Kim"" B T Fridman 28 fOBF 0 AR, i 150 16
411 Lyapunov-Krasovskii i Pk, #&H T — 4~ d itk
AT IR ARG R AL, L B A OGS DAL S —
AR SR A OB Zuo %™ 21
T —F T Z AR E RG] IR Al TR
Lyapunov-Krasovskii 12 P 751 ; Nam %5 IA A il ¥
TRRAAZE, P& H B 53 % 5 AR AL 1 AT
PP

EAEENE, LR %R R 2
HER . Kk, BEEITREIEARMER, K2
B TR RG2S mny . Wik, &
FEXT B OB R AT R o G R, B H AT Ik,
X T BRIy 22 48 1 AT 38 4R Ak T [R) R Y B 5 R AR
/> That %1 S48 T S2IRAS U RIA 4 30 0 2%
PER LR G Al R A A, $R0E T — Moy
WA S Lam 2V WS T BA A RS
1 22 HH IR Y B2 TR R e 1Y AT 3k SR Ak T T)
M, AR BIREE ROV XA RS, AT &
4t n] 3K AEAG T A ) A 15 T TR A Y R D
Fedn, Zhang 2B SE T AT 43R I B0 S B
S5 i 285 TR Chen 25 BFSY T B BRE

VI 22 40 RS S B4 il g i i )@, (B Jf R %
JC B i X R S8 TR SEAG TR S e . AHA R
it il i R A 5 AR B R 4 1 T R AR Ak 1 [R)
ARG S o BLAh, Ll SCERERRGR RS H)
WEAZE, XA SR AT IR A T i o 72 rh iy ok
SRR

ARICEA RN T, W T —JA8 B
RGEWM AR EAMTF R R RO R, K RS
FI R R TEASFEEE R 2 . A Lyapunov-Krasovskii
ZRIJTE, 13305 E I R G IR o Ak
o ZJ5, EabREARE, B TR0
RE/INEY XSOk AL T RGP IR EE, R4 A
15 FLS G 35 UE I A5 25 S i A A5

1 [E IR

% JRAR I B RLR SE

x(kt )= Ax(k)+ Dx(k=1(k)+ Buk)+Ew k) |\
x(k) = p(k), k € [-Tm, O]

AP xk) = [xi(k), x20k), -+, xa(0)]T e RTA RGEHY
B wk) AN A, D, BRI E Jif 4k
BVHEFERE; v AR, HIl R0 < 1 < 7(k) <
™, Tm, TMAIAETUEEEL

Wk F5 A k)it 12
o' ek <o (2)
ok eR!, 2
o' (Hwk) < @* (3)

Lb, o> 0B MR
EX 1 EARRST, RE(DWTREN
R = {x(k) € R"|x(k), ()il (1)~ (3),k > 0} (4)
EN 2 WTHMEP>0, WERAE LT
&P, 1)={xeR"x"Px< 1 (5)
XFRG (1), AT AR R
il 2%
u(k) = Kx(k) + Gx(k —1(k)) (6)
X, KA G e 4 il 4 25 40 B
KRS R dl R (O MARG (1), 45
TR RS

x(k+1)=(A + BK)x(k) + (D+
BG)x(k —1(k)) + Ew(k) (7)

EX3 ZAerR™, FRp(A)={max|A], 11,4,
l



486

Bl TR A R

2021 4F 5 43 4%

Aot A WHRHEIE Y M AE B A B 12 . A pA) <1,
T FRH % A 42 Schur 2 E 1Y .

ASCH E B AR — AR
., RG] A EE S EMERE T, JFH
WEER RS AT RE/N . UL, N T B4 SC E 24,
R, HAEGHTIHE G 2,

B8 1" V) E T R 0T 0wk < @1
Lyapunov {Z pfi, HV(x(k)) >0, ZAFFEMREO<a <1
{15

AVGI)+( -V () - TR0l <0 (8)

WV (x(k)) < max{1, V(x(0))}, YkeN,
5|8 Z[ISJ(SChur*I‘_ﬁ'Iﬂ) %T T4 PFS e R,
S, SIIEMIREEFE, S12=87,, TFIIAIFAEM

[ —P AP+BL DP+BR
x —aP+Q1+0:+0; 0
* * —a™Qs
k * k
%k * k
ES * *
P<I, 01 <0, 0 < 31, 03 < 40 (10)
no <1 (11)

Hrp
u=A1+1nd2 +TMA3 + ™M A4

M2, AR R s # (6), M R
42 (7) IR AL S TERER (P, 1) = &(P7!, D,

i, RSG5 NK = LP', G=RP\,

JERA  #EHUANF Lyapunov-Krasovskii 17 bR :

V(x(k)=V1(x(k))+V2(x(k))+V3(x(k))
Hrp
Vi(x(k)=x" (k) Px(k)

k
Vaxtk+ 1) -aVax(k) = > A 7xT0Qix()+

i=k—Tm+1

k-1
> T H01x(0) -

i=k—Tm

S S

a.S= <0
[ Sa1 S» }

b. S11 <0, 522—521511_1512<0

.82 <0, 811812527821 <0
2 FEZR®R
21 FLEERINEEKSE
AL BB —AIRE R g (6), (15
IR R GE(7) WAl s AR AL & (EM Bk BT, O L%
PRERATREM /N, AN A RS (1)~ (3)7]
IR A AFAE B 00 551

EE 1 FIEEAFIEELS () THRE(T),
A TE S Ay, Ao, A3, A, FHEP>0, Q1>0,
0,>0, 0;>0, L, RNFpFEO<a<1, T2

0 0 E
0 0 0
0 0 0
—a™Q, 0 0 <0 (9)
* —a™Q, 0
-«
' e
k=1 )
V@)= Y AT x6)+
i=k—Tm
k-1

AT ()Qax (i)
i=k—TM

k—1
Vi)=Y T ()Qsx()
i=k—7(k)
TE LAV (x(k) RV (x()HI M FT 225, W)
AV(x(k)) = V(x(k+ 1)) = V(x(k))

R4
Vi(x(k+1)—aVi(x(k) =xT (k+ 1) Px(k+1)—axT (k) Px(k)

k

> T )0x()-

i=k—1p+1
k-1

> T Qx() =

i:k—TM

xT()Q1x(k) — a™x T (k — 7)Q1 X (k — T )+
xT () Qax(k) — a™xT (k — Tn) @2 (k — Tnm)

k

2

i=k+1-7(k+1)

V3(x(k+ 1)) —aV3(x(k)) =

k=1
M DQx() - Y X ()Qsx() =

i=k—t(k)

xT()Q3x(k) — a™PxT (k- 7(k)Q3x (k — 7(k))



5% 54 FE R, A A DRSS I R e AT A A T 487

R T fRifE, K (8)id N H <x"(k+ D)Px(k+ 1)+ x ()[Q1 + 0> + Q3 — aPlx(k)—
@™ xT(k— 1)1 x(k — Tp) —a™x T (k—

1-
H =AV(x(0) + (1 - )V (x(0) - —5-0" (k) = D0k —ta)— 0™ T — () D3 e

1- _
V(k+ 1) - aV(x(0) - —5- 0" Rw(k) )= o k) = £ 012
w
ZHBIE L, A Horp
(B =[x"() x"(k-7(k) x"(k-Tm) x'(k-Tnm) @' ()]
Ju (A+BK)"P(D + BG) 0 0 (A+BK)'PE
x (D+BG)"P(D+BG)-a™Q;3 0 0 (D+BG)'PE
J=| * * —a™Q, 0 0
* * i -a™Q», 0
* * * * ETPE—l;;I

JU:(A+BK)TP(A+BK)+Q1+Q2+Q3—a'P
#5J <0, M Schur 453, P15

[ —P P(A + BK) P(D + BG) 0 0 E
*  O1+Q2+03—aP 0 0 0 0
* * —a™Qs3 0 0 0
* * * —a™Q 0 0 <0 (12)
% k * * _a,‘rMQ2 0
* % * % % _1___20'1
) w
K(12) 2. FH0lkdiagP~!, P71, P71, P7L, P71, DISF
[ —P! (A+BK)P! (D+BG)P! 0 0 E
* P UQ1+02+Q3)P " —aP! 0 0 0 0
* * —aTmP_1Q3P_1 0 0 0
* * * —a™ P71 P! 0 0 <0
k % * * —QTMP7]Q2P71 0
l—al
* * * * * —_
&)2
SP=pP", 01=P'Q P, 0,=P'Q,P!, 0:=P'Q:P"!, L=KP!, R=GP, 137
[ —P AP+BL DP+BR 0 0 E
«  —aP+01+0r+05 0 0 0 0
* * —a™Q3 0 0 0
* x —a™Q, 0 0 <0
¥ * * —a™Q, 0
l-a
- I
% * * * * 6)2 |

t—3, % & Lyapunov iZ PRFI{H V(x(0))

-1 -1 -1
V0) =x"O)PxO)+ Y o kT HQix(+ > o T 0@+ . o7 T (003x() < IxT(0)x(0)+

i=—Tm i=—TM i=—7(0)

-1 -1 -1
1] Z *T(i)x (i) +)25] Z xT(i)x (i) + 4] Z xT(D)x() < (A1 + TmAs + T3 + Ao = po < 1

iI=—Tm i=—TMm i=—7(0)
FH 51 (10)~(11) Fig | 38 2 AT, B, xT(h)Px(k 2 MiEke(P, DB EB. T LIS
V(x(k)=V1(x(k))+V2(x(k))+V3(x(k)) < 1 Wit RS () WNAEM S EP, DP, EH

T Va(x(k), Va(x(k) >0, Fr KL Vi) <1.  1iEEE,



488 o B TR 2 2 R

2021 4F 5 43 4%

RS R R St R, FRRSEA
—ERE, RWWH R L PR E&M, sl
DA RGRIT G4, SRRENHAR RS,

EH PR BN RE LML, B EaE
SRR RN . BRI, Wb es 2B, W
3 (9) S5 X T PR AR et SR 1Y

N TR A S, A, A3, BIFE AN S
K (10), BRI LMIs B, filan,
AREXP < IV KRB HEEHEARFEAP<P, 2
P =diag(Ay, Ay, -+, )o ForPREE R — A AR
At HAHOB TR AR s A .

EH T DU AR SEIE S 1 T R e ik
Le(PY, DKM, HASCH B Rz A e 4
43k B %/ . Boyd 25 MR s(P, DY 1A FR 5
(det P)"'2RGIE L, Frlllog det P /NEM Te(P, 1)

AR RS/ . Fridman 26 Al Kim!? 42 17—
PR A R, B
max o
st. ISP (13)
4t (13) etk @inT LA
min & (8=1/6)
ol 1
m{[IPFO (14)

(9 ~ (11) BL

HTpP=pP!, MEFEO4)HPHEEAEFELAR

feti oy nfediagd, Py, WIGALRIERE AL
min 6 £5=1_/6)
FE
s.t. P P
[ K(O) ~ (I DHAT

FIFH L3R AR Ak T 125 3R Al e /N S, 0T iz A 1K
s(PY, DIIRFUR /N, Ble(P, DR /N, H
ARSI SE M /N E R G
22 EiEHER

ER L g5 T A SR N I RGN ATk AR
M A S, I RO A T 3 AT LG 30 SR Bk
AT, SR, ER 1P REERE— N E AR
P bR e A DG I PR S, B B e, T
VI 2 [ B A Ry SR 2 MR BN 52X (LMD

R T ARG AL IR AR W R /M ER T B A
Fbrite, XATDLGES B AR (GA) KL, &
BT

a. 76 (0, 1) FRENLA i, B~ iE GA FRiE
A —A MK

(15)

b. X &4 e, FIH minex. 3K ff AL 45 25 & (1
LMI AL, F32) f e ;

c. BCERAME, WRBIZET, W GA X
1k, R, 482 GA 72

d. AR BN, LIRS T —0AMA;

e. HRAEZARE AR AT — A T 5 UL 5450 5

fEE LIRPR, BRI SBonfest—2
I o

3 HEEH

AR 25 H AN U 52 91 o Bk 23 R A A 21 o
Bl FHIENEEBALE (D), RESECY

021 —-0.01 0.10
‘4‘[ ~0.90  0.10 } B"[OJS]’

~0.02 001 0.5
D‘[ -020 -0.01 ] E‘[ 1.0 ]

o=1, Tm=2, tv=4. BEHILHFRRek)=[0.2 0.2]T,
ke[-4, 0]o KFEMLALMIB(15), HHHAERIMT .
Ma=0.53040F, 5§=5.1653, MHFARR BPR 2
F il 483 45 R
K =[-0.0035 —0.0984], G=[0.4933 —0.0569]
F o 1A 30 A i A ER DL S P A &R B R
SWE R, HERW, HARREHREEE
TEffiBke(P, D,

R — iskin 7t

-1.0 -0.5 0 0.5 1.0

X

B 1 mAEFMHBkn R (6 1)
Fig.1 Reachable set and ellipsoidal bound (Example 1)

52 FEHEWRARSE (1), RESEUWT .

15 12 02
A_[QS-ﬁb]’B_[Q3}
002 0 02
l"[ ~0.10 -0.01 } 12_[ 04 |
o=1, Tm=2, ™m=4. BB KN ek) =
[-0.10 0.15]", ke[-4, 0],

FEEH], B2 ARJ2E Schur T 4, Pk



% 5

FE R, A A DRSS I R e AT A A T 489

TR R G ] BB AT AT BRI BT B o BT
PA] DUE i BT IR A RO s i 2, A R G
AT A A TR

W SRAACAL RS (15), HELRIT .

Mo =0457 1), §=0.9211, HCEFARR FPRAS
B il 21 15 0

K=[-3.7991 0.1256], G=[0.2787 0.0255]

FH o B 1 A5 B A A K 2 A D R PR PR R G AR
BWE 2R HEW, ARREOREES
1EMBRe(P, D

0.8 RS

0.61 ‘ ki
04r

021

-021
70.4 -
70.6 -

-0.8 - - - - : : : ’
-0.8 -0.6 —04 —-02 0 02 04 06 08

Xy

B2 WIkERHEKAR(F2)
Fig.2 Reachable set and ellipsoidal bound (Example 2)

4 £ it

WHIE T e FIEEI 3 T B RUE B RS
AAEAM NS, HRASWIEAS AE, @it
WIS RS, HREHTR RGN
M ZRS. Ffif5, FIH Lyapunov-Krasovkii i bR 7
Bl T ARG AR R . T X
WER RS AT RE /N, 20 TR . B
H, SRS R ORI R LS8, BUE G 5k
TSR A R AR

S WK

[1] BOYD S, EL GHAOUI L, FERON E, el al. Linear matrix
inequalities in system and control theory[M]. Philadelphia:
SIAM, 1994.

[2] ABEDOR J, NAGPAL K, POOLLA K. A linear matrix
inequality approach to peak-to-peak gain minimization[J].

International Journal of Robust and Nonlinear Control,

1996, 6(9/10): 899-927.

[3] DURIEU C, WALTER E, POLYAK B. Multi-input multi-
output ellipsoidal state bounding[J]. Journal of Optimization
Theory and Applications, 2001, 111(2): 273-303.

[4] HU TS, LIN Z L. Control systems with actuator saturation:
analysis and design[M]. Boston: Birkhauser, 2001.

[5] GAO HJ, CHEN T W. New results on stability of discrete-
time systems with time-varying state delay[J]. IEEE
Transactions on Automatic Control, 2007, 52(2): 328-334.

[6] FRIDMAN E, SHAKED U. On reachable sets for linear
systems with delay and bounded peak
Automatica, 2003, 39(11): 2005-2010.

(7] KIM J H. Improved ellipsoidal bound of reachable sets for
time-delayed with  disturbances[J].
Automatica, 2008, 44(11): 2940-2943.

[8] ZUO Z Q, HO D W C, WANG Y J. Reachable set

bounding for delayed systems with polytopic uncertainties:

inputs[J].

linear systems

the maximal Lyapunov-Krasovskii functional approach[J].
Automatica, 2010, 46(5): 949-952.

[9] NAM P T, PATHIRANA P N. Further result on reachable
set bounding for linear uncertain polytopic systems with
interval time-varying delays[J]. Automatica, 2011, 47(8):
1838-1841.

[10] THAT N D, NAM P T, HA Q P. Reachable set bounding
for linear discrete-time systems with delays and bounded
disturbances[J]. of Optimization Theory and
Applications, 2013, 157(1): 96-107.

[11] LAM J, ZHANG B Y, CHEN Y, et al. Reachable set

estimation for discrete-time linear systems with time

Journal

delays[J]. International Journal of Robust and Nonlinear
Control, 2015, 25(2): 269-281.

[12] ZHANG B Y, LAM J, XU S Y. Reachable set estimation
and controller design for distributed delay systems with
bounded disturbances[J]. Journal of the Franklin Institute,
2014, 351(6): 3068-3088.

[13] CHEN Y, LAM J, ZHANG B Y. Estimation and synthesis
of reachable set for switched linear systems[J]. Automatica,
2016, 63: 122-132.

[14] KANG W, CHEN H, SHI K B, et al. Further results on
reachable set bounding for discrete-time system with time-
varying delay and bounded disturbance
Complexity, 2018, 2018: 9259284.

(15] AS7. BRI MR SERAL B M), L5t 3
R AT, 2002.

inputs[J].

(4. TLZ)


http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1016/S0005-1098(03)00204-8
http://dx.doi.org/10.1016/j.automatica.2008.03.015
http://dx.doi.org/10.1016/j.automatica.2010.02.022
http://dx.doi.org/10.1016/j.automatica.2011.05.003
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1016/j.jfranklin.2014.02.007
http://dx.doi.org/10.1016/j.automatica.2015.10.033
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1016/S0005-1098(03)00204-8
http://dx.doi.org/10.1016/j.automatica.2008.03.015
http://dx.doi.org/10.1016/j.automatica.2010.02.022
http://dx.doi.org/10.1016/j.automatica.2011.05.003
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1016/j.jfranklin.2014.02.007
http://dx.doi.org/10.1016/j.automatica.2015.10.033
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1016/S0005-1098(03)00204-8
http://dx.doi.org/10.1016/j.automatica.2008.03.015
http://dx.doi.org/10.1016/j.automatica.2010.02.022
http://dx.doi.org/10.1016/j.automatica.2011.05.003
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1016/j.jfranklin.2014.02.007
http://dx.doi.org/10.1016/j.automatica.2015.10.033
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1023/A:1011978200643
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1109/TAC.2006.890320
http://dx.doi.org/10.1016/S0005-1098(03)00204-8
http://dx.doi.org/10.1016/j.automatica.2008.03.015
http://dx.doi.org/10.1016/j.automatica.2010.02.022
http://dx.doi.org/10.1016/j.automatica.2011.05.003
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1007/s10957-012-0179-2
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1002/rnc.3086
http://dx.doi.org/10.1016/j.jfranklin.2014.02.007
http://dx.doi.org/10.1016/j.automatica.2015.10.033

	1 问题描述
	2 主要结论
	2.1 可达集的椭球界
	2.2 算法描述

	3 数值算例
	4 结　论

